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Graph data, prevalent across domains like social networks, biological systems, and recommendation systems, presents
significant challenges due to its large scale and complex structure. The advent of Graph Neural Networks (GNNs) has
revolutionized graph data mining by effectively capturing node dependencies and neighborhood information. However, the
computational complexity of processing large-scale graphs remains a major hurdle, as real-world graphs often consist of
millions or even billions of nodes and edges. Efficient techniques like message passing and sampling have helped mitigate this
issue, but memory and processing constraints persist. A promising approach to addressing these challenges is learning to
reduce the size of large-scale graphs while retaining essential information, thus facilitating faster and more efficient graph
data mining tasks, such as graph condensation, reduction, coarsening, and summarization, etc. Despite the differences in
terminology, approaches under these topics share the same motivation: to generate smaller yet informative graphs that can
replace the original large-scale datasets. In this paper, we unify these approaches under the concept of Graph Scaling (GS),
highlighting the shared motivation across multiple topics. Alongside this definition, to clarify the question of what principles
should be followed when scaling a graph and how a scaled graph was formulated, we propose a taxonomy to methodically
categorize and understand existing methods. Moreover, by organizing the dataset and evaluation metrics, we aim to provide
a more comprehensive understanding of the GS methods from a practical perspective. Moving forward, We delve into the
limitations and challenges of GS methods, identifying the shortcomings and potential in the literature. Finally, we conclude
this paper by outlining future directions and offering concise guidelines to inspire future research in this field. A full paper
list and online resources about GS are available at https://github.com/Frostland12138/Awesome-Graph-Scaling.
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1 INTRODUCTION

Graph data, representing relationships and interactions between entities, is ubiquitous in various domains
including social networks [1], biological systems [2], and recommendation systems [3]. Social networks leverage
graph structure to analyze user connections and interactions, helping to identify key patterns and community
structures. In biological systems, graphs are used to model complex molecular structures such as proteins, aiding
in the discovery of new drugs. Recommendation systems utilize graph structure to model personalized suggestions
by analyzing user preferences and item relationships. Information and patterns in those scenarios have been
modeled as nodes and edges, and there has been significant progress in the development of techniques for
large-scale graph data mining and pattern recognition, such as community detection [4], link prediction [5],
and node classification, and so on. These advancements aim to apply data mining methodologies to extract
valuable insights from extensive graph datasets. Graph Neural Networks (GNNs) [6-8], which generalize neural
networks to work directly with graph-structured data, have revolutionized the graph data mining tasks by
effectively capturing the dependencies between nodes and neighbors and efficiently aggregating information
from neighbors through message-passing mechanisms [9]. The ability of GNNs to uncover hidden patterns and
learn representations that encapsulate both local neighborhood information and global graph structure has made
them a powerful tool in the field of graph data mining.

The continual evolution of graph data mining techniques, particularly with the integration of GNNs, is enabling
more sophisticated analysis and applications across diverse fields. However, real-world graphs typically consist
of millions or even billions of nodes and edges, making their analysis computationally challenging yet incredibly
valuable. For instance, the Twitter (X) social graph contains hundreds of millions of users and billions of tweets
and follower relationships; the Amazon product co-purchasing network comprises millions of products and
billions of co-purchase relationships, etc. The complexity and scale of real-world graphs, specifically the complex
structure of large-scale graphs, characterized by massive node connectivity and significant data volume, pose
significant challenges to computational efficiency and resource requirements when analyzing and processing
large-scale graphs [10].

One of the primary strategies to address these challenges is efficient sampling and aggregation techniques,
such as Message Passing (MP) strategies used in GraphSAGE [11], etc. These methods reduce the computational
load by sampling a subset of nodes and their neighbors instead of processing the entire graph, thereby signifi-
cantly lowering memory usage and computational requirements and enabling more scalable GNN training and
deployment. However, as MP requires nodes to aggregate information from their neighbors, the local graph
structures must be maintained during both forward and backward propagation. This still results in significant
consumption of memory and processing time.

Despite the recent advances in efficient GNNs from a model-centric perspective, there has been an increasing
interest in data-centric solutions. A prime and straightforward strategy within this domain is to reduce the
volume of the training dataset. Particularly, the concept of Dataset Distillation [12] has attracted noteworthy
attention and yielded significant success, predominantly within vision datasets. Conventional dataset distillation
relies on the idea that within categories defined by class labels, instances of the same class share similar key
features, e.g., shape patterns in vision datasets. This implies the existence of ‘prototypes’ or ‘clustering centers’,
and thus a significant amount of redundant information exists among instances belonging to the same category.
This principle of redundancy and prototype-based representation finds a parallel in graph datasets, especially in
tasks like node classification. The features and topology of nodes categorized under the same class tend to exhibit
similarity, and there may be numerous repetitive and similar subgraph structures in the graph. Consequently, a
natural question arises: How can we effectively formulate small-scale graphs from large-scale graphs to facilitate
various graph data mining tasks?
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Recently, Graph Dataset Distillation [12] has emerged for distilling large-scale graphs into smaller yet
informative ones. By eliminating redundant information and retaining key information from the original dataset,
these methods outputs small graphs that are more manageable within the constraints of limited computation
resources, thereby providing better support for graph data mining tasks and applications such as Continual
learning [13] and Network Architecture Search (NAS) [14], etc. While the concept aligns with vision dataset
distillation, the specific challenges posed by the uniqueness of graph data motivate us to: (1) Address the lack of
universal definitions and (2) Explore and synthesize the existing knowledge in this domain into a comprehensive
survey.

1.1 Related topics and surveys.

When discussing the idea of reducing graph dataset complexity by volume, there are several relevant topics:
Specifically, Graph Sampling [15] were designed to select subgraphs from original graphs, including Core-set
[16], sparsification [17] and subgraph mining [18] methods, etc. Graph Summarize [19] focuses on graph
representations such as scaled graphs and embeddings, while Graph Pooling [20] solely focuses on graph
embeddings. Graph Condensation [21] focuses on synthesizing a smaller, representative graph that preserves
the knowledge of the original graph or the training trajectories of the model, through optimization or generative
methods. According to [22], Graph Reduction is a broader term that encompasses various strategies to decrease
the size of a graph, including node/edge removal or aggregation, and condensation approaches. Graph Distilla-
tion [12] follows the definition of vision dataset distillation, typically by retaining critical information or patterns
that are most relevant for downstream tasks. Graph Coarsening [23] specifically refers to grouping nodes or
edges to create a coarser representation of the graph, retaining key information of the graph via eliminating
redundancy.

As shown in table 1, we analyze
the similarities and differences among Table 1. Related Topic and Survey
these topics from three aspects: what

is wanted (output), what information Topic Survey What is wanted Retain info from Flow to get it _
to retain (objective), and how to formu- Craph | Model | Modify | Synthetic

) > ) . Scaling ours v v v v
late the outputs (formulations). Specif- [ Condensation | [21] 7 7 7
. ) o , i Small Graph
ically, in the ‘Retain info from’ column, Nction (22] matl braphs 4
. . o Distillation [12]
Graph’ and ‘Model’ refer to the origi- Coarsening 73 7 7

. : Sampling 15 Sub-graphs v v v

nal gral_) h and the model trained on it, Summarize 19 Graphs or Embeddings v v v
respectively. In the last/ two_columns, Pooling [20] Embeddings 7 7 7

‘Modify’ refers to approaches modify-

ing the original graph, e.g., node sampling or aggregation, etc.; while ‘Synthetic’ involves generating outputs via
neural networks or optimizing from an initialization. Despite differences in phrasing, the following topics (Con-
densation, Reduction; Distillation, and Coarsening) share (1) a similar problem definition: optimizing an objective
to get small and informative graph datasets; (2) the same input-output domain, i.e., Graphs — Graphs. Therefore,
it is crucial to define what constitutes valuable information within the domain of graph data and explore how to
generate scaled graphs, for summarizing existing methods in the field and guiding future developments. The
latest and related survey (1) on Graph Condensation [21] adopts a pragmatic perspective, categorizing the design
of methods based on five common concerns in machine learning (‘effectiveness’, ‘generalization’, ‘efficiency’,
‘fairness’, and ‘robustness’). Their work emphasizes the relationship between method design and downstream
tasks, but it merely restricts the motivation to retain downstream task performance. Our focus extends beyond
model performance, where we also prioritize preserving the intrinsic properties of graphs in both the spatial
and spectral domains; (2) Graph Reduction [22] categorizes learning objectives independently in the areas of
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sparsification, coarsening, and condensation, but does not further explore the commonalities among the learning
objectives within these three domains. In this paper, we recognize a common motivation underlying various
topics, i.e., learning to generate small and informative graphs. Based on that, we propose a unified analytical
framework to understand and categorize the design of these methods.

1.2 Scope and Organization of this paper.

In this paper, we name the problem of ‘how to get small yet informative graphs’ as Graph Scaling (GS). Firstly,
we formulate the problem definition of GS by two aspects, i.e., defining what information to maintain from the
original graphs and how to formulate the output small graphs (namely, Scaled Graphs). Under this definition, we
categorize and analyze a wide range of methods from the aforementioned subfields of similar metivations within
a unified taxonomy framework. Moreover, we collect and analyze the commonly used datasets and evaluation
metrics in these fields, offering a robust framework for evaluating the effectiveness and applicability of GS
methods across diverse scenarios. Last but not least, the discussion of challenges and future directions extends to
the consideration of various potential issues within our definition. In summary, our contributions are as follows:

e Formal Definition and Categorization: We present a formal problem definition of learning to reduce
the scale of large graphs and systematically categorize existing methods in a unified taxonomy, based on
the aspect of information to be retained (graph-guided, model-guided, and hybrid) and the approaches to
formulate the output small graphs (modification and synthetic approaches).

o Comprehensive Analysis of Datasets and Evaluation Mechanisms: We encompass an exhaustive
cataloging and summarization of benchmark datasets to the advancement of this field, as well as a rigorous
analysis of evaluation metrics and their applications. By doing so, our paper furnishes a robust framework
for assessing the efficacy and applicability of existing methods across diverse scenarios.

e Analysis of Limitations and Future Research Directions: We delve into the limitations and challenges
of existing methods from a broader perspective, presenting future directions, and thus we expect to inspire
more innovations that address the challenges and push the boundaries of what is currently achievable.

In the following sections, we commence with a formal problem definition and the foundational workflow of
GS within Section 2. Preliminary. To clarify the question of what principles should be followed when condensing
a graph and how a scaled graph was formulated, Section 3. Optimization Objective delves into the optimization
objectives that were used in the literature, and we propose to use the taxonomy of objectives as the primary
taxonomy for GS methods. Subsequently, Section 4. Formulation of the Scaled Graphs provides a comprehensive
summary of the various approaches to formulate scaled graphs, thereby offering insights for implementation
and border applications. Section 5. Dataset and Evaluation presents an exhaustive overview of the commonly
used datasets in GS, as well as the evaluation metrics deployed to ascertain the effectiveness and efficiency of GS
methodologies. Section 6. Limitations and Challenges presents our discussion concerning the limitations and
challenges that currently beleaguer established GS methods, and Section 7. Conclusion and Future Directions
concludes this paper with an outlook on the future directions.

2 PRELIMINARY

2.1 Notations and Definition

For any matrix, the symbol T, —, + represents the operations of transpose, inverse, and pseudoinverse, respectively.
On top of anything, a hat symbol " indicates its optimal version. S = {G, - - - , G} denote a dataset of n graph(s),
where € N*, G = {V,E,A, X}, V and & denotes the set of vertices (nodes) and edges, A € RN*N is the
adjacency matrix, and X € RV*? represents the feature matrix. Lg is the corresponding Laplacian matrix of
G. Y € {1,---,C¥M denotes the set of labels of the nodes or edges if 1 = 1, or the label of graphs if > 1,
Y = [Y] € NM*1 be its vector form. The downstream tasks are specifically defined by M = N for node
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classification, M = N? for link prediction, and M =  for graph classification. f(;0) : I — O indicates a function
parameterized by 6, I and O represents the corresponding input and output spaces, e.g., GNN(;0s) : S —» Y
denotes the GNN parameterized with 0 was trained on dataset {S, Y}

2.2 Problem Definition
Denote S; = {G},- - g;,} a smaller dataset of y graph(s), p < n,and G’ = {V’,&’,A’, X"} where the first

dimension of V’,A’, and X’ are N’ (N’ < N), Y’ € {1,--- ,C}M/ be the labels of G’. Existing definitions of
graph condensation, reduction, and distillation follow the objective optimization formulations below:

A

S = argrrgnﬁ(Ss, S) (1)

where £ measures the gap of key information between the original and the scaled graph. In the meantime,
this optimization formulation also fits the problem of coarsening:

8, = f(S:P), st P = argmin £(S,,5) @)

where P is typically a projection matrix, encoding the rules of node aggregation. The distinction lies in whether
the scaled graph is directly optimized as parameters or indirectly derived through the optimization of other
parameters. Based on this observation, and to systematically address the two key questions, i.e., what information
to retain and how to generate the scaled graph, we propose a general formulation as follows:

Q = argmin0 (¢ (S). $(S9)) , s:t. Ss = f(S: Q) 3)

e Objective O describes the loss of graph information, which is quantified by a function ¢;

¢ The intermediate representation Q is optimized by minimizing the objective O.

e The formulation function f(; Q) describes how to generate the scaled graphs, which is parameterized by
Q;

Under this definition, we divide the graph scaling process into two steps: the optimization of the intermediate
variable (i.e., Q), and the formulation of the scaled graph based on that. This intermediate variable can also be
any part of the complete scaled graph, thus allowing for compatibility with direct optimization formulations.
Moreover, one key characteristic that distinguishes our scope, i.e., learning to generate small and informative
graphs, from sampling methods is that part of or the entire scaled graph is newly generated. Specifically, we
call:

S; as the Scaled graphs only if Ss € S.
4
G’, or G, as the Scaled graph only if V' ¢ V. “)

In this paper, we will focus on methods that were designed to reduce the scale of a single graph, i.e., S = G =
{AXY}ESs = Gs=G ={A’, X', Y}, while methods for multiple will be briefly introduced. The three steps
for formulating scaled graphs correspond to the three steps in the GS workflow, as illustrated in fig. 1. Under
our definition, specifying what information to preserve, denoted as ¢, is crucial as the primary motivation is to
reduce the scale of graph data while preserving sufficient information. The details of the optimization objectives
be seen in section 3, and the formulations will be presented in section 4. We categorize current methods by the
taxonomy of objectives and present the formulations of each in table 2.

3  OPTIMIZATION OBJECTIVE

The motivation of GS is that an objective quantizing the loss of information between the original and the scaled
graph should be minimized during the process. Naturally, the specific perspective of information GS aims to
preserve can serve as a taxonomy for categorizing GS methods at the motivational level. We categorize the
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Fig. 1. Overview of GS. GNNs stand for any graph machine learning model with different architectures like GCN, GAT, ...,
etc.

optimization objectives into three types: preserving certain properties of the graph (graph guided), retaining
the GNNs’ capabilities for downstream tasks (model guided), and simultaneously accomplishing both (hybrid).

3.1 Graph Property Guided Methods

These objectives can be formulated as: Get similar & smaller graph G from original graph G, and the key is
defining what are graph properties and how to evaluate the similarity between two graphs based on these
properties:

minSim($(Gs), $(G)), ()

where Sim() is a similarity metric, ¢ is a function that quantifies graph properties. Together, they formulate a
similarity metric over two graphs. We categorize graph property guided objectives into two categories: Spectral
and Spacial, by the domain of extracted graph information. According to the taxonomy of GNNs [6, 24], the
spectral domain of a graph refers to the information transformed using the graph Laplacian as a filter (or the
Laplacian itself); the spatial domain of a graph can be understood more straightforwardly as the adjacency
relationships between nodes; Spectral and Spatial GNNs are neural networks defined and operated on these two
domains. Similarly, the graph information we aim to extract can also be categorized according to the spatial and
spectral domains. Specifically:

3.1.1  Spectral Property Guided Methods. The Spectral GNNs [25] are defined by operators in the Spectral domain.
Similarly, we define the Spectral Properties of a graph by requiring the graph Laplacian for calculations, i.e.,
#(G) = ¢(Lg). In this case, the objective becomes minimizing the Distance of two graphs in the Spectral domain
(DSpe), i, O = DSpe($(Lg, ), $(Lg)).

The direct use of Laplacian eigenvalue and eigenvectors can be seen in this domain, as well as the Laplacian
Energy Distribution (LED) used in SGDD [26] and the pseudoinverse of Laplacian matrix in ReduceG [27].
However, the difference in graph scale before and after GS may need cross-dimension metrics, such as having a
distinct number of eigenvalues and eigenvectors. Specifically, GR [28] and SCAL [29] calculate the differences
of smallest k eigenvalues and corresponding eigenvectors between two graphs’ Laplacian; GDEM [30] take k
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eigenvectors with the smallest eigenvalues to map node features, and minimize the distances of class centers in
the spectral space. This is because the smaller the eigenvalue is, the more informative it and its corresponding
eigenvector are on graph laplacian [31]. We will further discuss the information within eigenvectors later in
section 3.1.3. Similar action that integrates k eigenvectors with the smallest eigenvalue to extract graph properties
in the spectral domain is also known as ‘Eigenbasis Matching’, as in BIMSGC [32] and CTGC [33]. SGC [34]
Further proposes graph lifting to rescale the small graph to a large one, and thus comparing all eigenvalues for a
comprehensive spectral distance metric.

Despite direct optimization of spectral properties, SGC [34] and GraphZoom [35] identify similar and connected
nodes to Aggregate in spectral embedding space, which can be seen as indirectly maximizing the spectral similarity
of two graphs. Notably, maximizing Graph Similarity metrics based on spectral-GNNs, e.g. in CaT [13], is also
considered as spectral property guided objectives with §(G) = GNN(G), and similarly, the use of spatial-GNNs
for similarity metrics applies to the subsequent definition of Spacial ones. The GNNs we discussed here were not
trained on downstream tasks and only served as information extractors.

3.1.2  Spacial Property Guided Methods. The spatial domain of a graph is essentially the original topology and
node features, i.e., p(G) = #({A, X}). Objective becomes minimizing the Distance of two graphs in the Spacial
domain (DSpa), i.e., O = DSpa(¢p({A’,X'}), p({A, X})). Specifically:

Graph Statistic properties (¢(G) = Statistics(A)) like graph density, average degree and degree variance
employed in [36], and feature homophily (¢(G) = Statistics({A,X})) in FGC [37]. Moreover, Structural
Equivalence Matching (SEM) and Normalized Heavy Edge Matching (NHEM) used in MILE [38] can iden-
tify Topologically Redundant nodes. Selecting nodes by Ranking them through well-designed score functions can

be effective in many scenarios such as FreeHGC [39] for heterogeneous graph condensation and Clnode [40]
for selective curriculum training. A special class of Reconstruction objectives is also considered in this category
because a successful reconstruction can be seen as a successful preservation of graph information. In this case,
O = Lyeconstruct (Gs, G)- For example, reconstructing the node features is used in OTC [41], and FGC [37], and
metrics on reconstructing the whole graph in MCond [42]:

Furthermore, the spatial Relationships between instances in the original graph can also provide valuable
guidance. For example, clustering characteristics exhibited by instances in the original feature space (dense
within clusters, sparse between clusters) should also be preserved, e.g., FGD [43] leverages the coherence between
instances with the same sensitive attribute before and after graph condensation as a guiding objective, and CTRL
[44] and HGCond [45] use the cluster centers on the original features as initialization of X’. GCSR [46] uses
the class-wise correlation matrix to regularize the optimization of A’. Utilizing the relationships in the original
dataset, identifying k nearest neighbors and aggregating them is also a popular strategy as in [34, 35, 47]. The
distinction between different methods lies in the definition of ‘neighbors’, such as the topological neighborhood
or the nearest nodes in feature spaces, or other predefined ‘equivalence relationships’ under certain metrics in
G-Skeleton [47]. Thus, we conclude these aggregating strategies as (Equivalence Aggregate).

3.1.3  Analysis of Graph guided objectives. Unlike spatial methods, which are more intuitive, spectral methods
rely on the information encoded in the eigenvalues and eigenvectors of the graph Laplacian, which can be difficult
to understand. To address this, we use the theory of graph cut [48] and a toy example to illustrate the information
encoded in the graph Laplacian. Assume there is a graph containing 3 fully connected communities (class of
nodes) of size 20, 10, and 5, while only two cross-community edges exist, as in fig. 2. (a). We visualized the
Laplacian eigenvectors corresponding to the smallest and largest eigenvalues in fig. 2. (b). In the theory of graph
cut, the Laplacian eigenvalue (other than the smallest one) can be interpreted as the loss value to the relaxed
normalized graph cut objective, while the signs of the values at corresponding indices in the Laplacian eigenvectors
indicate the results of the graph cut (i.e., bi-partition labels). As observed, the eigenvectors corresponding to
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smaller eigenvalues represent the most optimal partitions of the graph, encoding the macro topology between
communities. In the meantime, a bad graph cut could happen within dense communities, thus the eigenvectors
corresponding to larger eigenvalues may encode the microstructure within communities. This interpretation
helps in better understanding how Laplacian eigenvalues and eigenvectors encode the structural information of a
graph in the spectral domain.

Eigenvalue Rank: 0 Eigenvalue Rank: 1 Eigenvalue Rank: 2
85 c\assu 03 - class 0.3 - class
BT T T T || | | | |eeeesess 01
5 nodes o 1 : 5
55 i S DO B A ey Wb U7 A
o 5 10 15 20 25 30 35 [ 5 10 15 20 25 30 35 o 5 10 15 20 25 30 35
index index dex
Eigenvalue Rank: 32 Eigenvalue Rank: 33 Eigenvalue Rank: 34
.. class .. 1o . class
20nodes | e . e o . =
10 nodes I 1 O 2 OO IR R T St gy
o o -02 o °
$-02 5 . Soa
o4 -06 class o
06 08 : : Ll I Vv povry vewey prva RS RS SAd et
0 5 10 15 20 25 30 35 0 5 10, 15 20 25 30 35 o 5 10 15 20 25 30 35
index index index
(a) Toy Graph (b) Eigenvectors Corresponding to the Smallest and Largest Eigenvalues

Fig. 2. Visualization of a toy graph and corresponding Laplacian eigenvectors.

3.2 Model Capability Guided Methods

Since one of the ultimate motivations of SC is to achieve comparable performance via training models (including
but not limited to GNNs) on smaller graphs G, the bi-level optimization problem of SC is formulated as:

min £ (Model(G: 0g,), ¥)

st Og, = argminL (Model (Gs;0),Y"), ©
0

where £ is the task-specific loss (performance) function, e.g., the Cross-Entropy loss in classification tasks. By
expecting models to achieve comparable performances as those trained on the original dataset G through
training on the scaled ones Gs, the models trained on the original graphs G can be useful. The optimization
objective of model-guided methods is written as follows:

min D(¢(Model(6:0,)). p(Model(6: 05)))
st Og, =argminL (Model (Gs;0),Y’), 0g = argminL (Model (G; 0),Y) @)
0 0

In this case, ¢ quantifies the capability of the model, and D is a distance function. We categorize all objectives
that utilize such trained model as input as model-guided objectives. Specifically:
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3.2.1 Model Parameters. Starting from GCond [49], utilizing the training Gradients and Trajectories of model
parameters as key information to be preserved in the scaled graph has been widely adopted in practice.

®)

. |D(Vgy, L, Vg, L) for Gradient Matching [44, 45, 49-59]
Gs |D([6g.]. [ég]) for Trajectory Matching [60, 61]

[6g.] indicate the list of parameters ordered by training steps. Specifically, in models trained on the original
graph, the gradients of parameters Vg, between epochs (i.e., training gradient) or the parameters themselves
Og at each epoch (i.e., training trajectory) essentially represent the knowledge the model has learned from the
original graph for the given task L. The core idea of such methods is to align the parameters of the model trained
on the original graph and the scaled graph as the optimization objective, using backpropagation to directly
update the scaled graph, as formulated in eq. (8). By doing so, the scaled graph is optimized to reproduce the
capability (parameters) of the model trained on the original graph, maximizing the preservation of the models’
performances on specific tasks.

Following GCond, many methods have been devoted to improving the effectiveness-and efficiency of the
gradient matching objective. Specifically, HGCond [45] proposes Orthogonal Parameter Sequence, GroC [53]
proposes adversarial training, GCARe [55] includes additional regularization of the condensation GNN, and CTRL
[44] enhance the distance metric D, in order to enhance the optimization of the gradient matching objective;
DosCond [51] propose to match the gradient of the first training step only, EXGC [54] inject the Mean-Field
approximation to GCond paradigm and selectively update scaled node features via scoring methods, TinyGraph
[56] adopt curriculum gradient matching strategy, to improve the efficiency of the optimization of gradient
matching objectives. Instead of matching gradients at each step, trajectory matching methods like GEOM [60]
and SFGC [61] record the parameter trajectories across all steps (GCSR [46] for multi-steps) on the original
graph and align them with those on the scaled graph: Since gradients at each step and trajectories across steps
essentially encode the same information, i.e., the training dynamics of model parameters on the original graph,
we categorize them together as Parameter Matching objectives.

Analysis on parameter matching methods. Originally proposed in DC [62] for image dataset distillation,
gradient matching has been proven effective for graphs as well. However, unlike vision models whose capacity
increases with the depth of stacked network layers, the most popular GNN models in graph data mining do
not share this characteristic. In other words, the parameter capacity of vision models is theoretically unlimited,
allowing them to adapt to datasets of any size. In contrast, GNNs typically have a fixed parameter capacity. Does
this imply that methods that take GNNs as the base model have an upper limit on the size of graph datasets they can
handle? According to recent benchmarks, the largest graph dataset applied in practice is Reddit (232,965 nodes)
in GC-Bench [63] and GC4NC [64], and ogbn-products (2,449,029 nodes) in GCondenser [65], while the parameter
space of GNN is'much smaller than the scale of these datasets. In such cases, spectral alignment methods that
rely on-eigen decomposition may become impractical due to their exploding time complexity. In contrast, for
the representative parameter matching method, GCond, the performance on the scaled graph divided by the
original for the node classification task is 94% on Reddit and 93% on ogbn-products. While the retention of model
performance is not perfect, these results can still be considered effective. This may be attributed to the unique
characteristics of graph data, where local patterns tend to repeat throughout the global structure. We will discuss
the imperfect performance retention later in section 6.

322 Loss Value. As the loss function £ essentially quantifies the quality of model parameters, KiDD [66] writes
the optimization objective as loss-matching objectives:

min
G

s

L(Model (g;égs),y) -L (Model (g,ég)y)) 9)
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Since the second term £ (Model (g ;0 g) wi ) represent the training result of the original graph on the task,

its value is a fixed constant (and minimized), so the optimization objective is essentially equivalent to eq. (6)
previously defined:

rréinlj (Model (g; égs) ,y) (10)

Specifically, KiDD [66] solves this problem by introducing Kernel Ridge Regression for a closed-form solution,
while GC-SNTK [67] and SGDC [68] further introduces Structure-based and Attention-based Neural Tangent
Kernel into this paradigm respectively, and OpenGC [69] substitute the regression loss with cross-entropy loss.
FedGKD [70], as well as DisCo [71] and TCGU [72], further modifies the optimization of the scaled graph from
evaluating the original graph to the scaled graph itself, using the parameter optimized in the original graph, i.e.

ming, £ (Model (gs; 9g) ,y’).

3.2.3 Embedding and Logits. The outputs of a trained network typically integrate crucial information for down-
stream tasks, and are thus considered informative. Matching models’ output Embeddings of training instances is
used in [13, 73, 74], and Predicted Logits based uncertainty metric was used in [30,36], and can be formulated as:

ngnD (Model (g;égs),Model (g,ég)) (11)

Specifically, DisCo [71] and GCDM [73] align class centroids, i.e., mean of node embeddings for each class; SImGC
[75] and TCGU [72] align the distribution parameters of embeddings (mean and standard deviation in SimGC,
mean and covariance in TCGU) with the class distribution of predicted logits between the scaled and original
graphs. ConvMatch [74] learns a mapping matrix to expand the number of scaled node embeddings from N’
to N and directly aligns the embeddings between the scaled and original graphs. CGC [76] proposes that the
scaled node feature is obtained by partitioning the embeddings (propagated original features) by enhanced labels,
i.e,, the class centers of the original node features become the scaled graph node features. In a self-supervised
setting, CTGC [33] first generates the scaled graph structure from the clustering centroids of the original node
structural embeddings, then obtains the scaled graph node features by matching embeddings to the original node
semantic centroids. As well as embeddings, the class-wise prediction logits (essentially ¢ dimensional normalized
embeddings, c is the class number) can also be informative and have been adopted as an alignment constraint in
GDEM [30].

3.24 Analysis on Model Guided Objectives. As illustrated in fig. 3, the ultimate goal of these objectives is for
the model trained on the scaled graph to replicate the model’s performance trained on the original graph. We
raise the following questions: (1) Does this imply that the performance of the model trained on the scaled graph
has an upper bound, specifically by the model trained on the original graph? (2) Does these methods experience
significant challenges in generalization ability when applied to different downstream tasks or models? (3) If
training on the original graph is inevitable, will the efficiency gains from GS be overshadowed by the complexity
of the GS process itself?

For the first question, according to the extensive experiment results reported in recent benchmarks, i.e., GC-
Bench [63], GCondenser [65] and GC4NC [64], it can be observed (especially highlighted in Table.2 in GC-Bench)
that many models guided SC methods produce scaled graphs that outperform the baseline models trained on the
original graphs on various datasets. This phenomenon can be interpreted in two directions: (1) The scaled graph
retains key information while removing noise, improving the dataset’s quality; (2) The improved performance is
simply due to overfitting. The second interpretation raises the same concern as the second question, namely that
the generalization of the scaled graph may be poor. According to the benchmark results (especially highlighted
by GC4NC), while different methods perform differently across datasets and architectures, models trained on
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Fig. 3. Overview of Model Guided Objectives.

scaled graphs still exhibit significant performance variance when applied to different downstream architectures
and tasks. This indicates that there is still considerable room for improvement in the generalization ability of
scaled graphs.

For the third question, as highlighted in GCondenser, the best efficiency with effectiveness is achieved by SFGC
[61], a trajectory-matching objective method with the optimization of the scaled graph structure is completely
abandoned, while gradient matching methods like GCond [49] exhibit the worst efficiency. However, the efficiency
of certain methods in practical application scenarios needs to be analyzed in conjunction with downstream
applications. We will further discuss the efficiency concerns later in section 6.2.

3.3 Hybrid Methods

It is worth mentioning that the aforementioned two types of objectives, namely graph-guided and model-guided,
are not mutually conflicting. Therefore, the third category named hybrid methods combines both the graph
properties and model capabilities as guidance for SC simultaneously. There are methods such as [26, 30, 36, 42, 43]
that optimize the scaled graph from both graph-guided and model-guided objectives. Specifically, SGDD [26]
simultaneously match the train trajectory between two models and the Laplacian Energy Distribution between
two graphs; Mcond [42] optimize the gradient matching loss and reconstruction loss together; FGD [43] use
the relation coherence as anadditional constraint to the gradient matching loss; GCSR [46] aligns the training
trajectory while using the relation information from the original to regularize the scaled graph. Both GDEM
[30], CTGC [33], and BiMSGC [32] align the spectral properties (eigenbasis in GDEM and BiMSGC, structural
embeddings in CTGC), while BIMSGC further incorporates gradient matching and GDEM introduces logits (i.e.,
the category-level representations) alignment, CTGC introduces semantic embedding alignment, between the
original and the scaled graph. Furthermore, the combination of model and graph properties can be comprehensive
metrics as [36] takes the model predicted uncertainty and empirically verified useful graph properties to rank
graph training instances for node selection.

3.4 Comparison of Objectives

Three types of objectives, namely graph-guided, model-guided, and hybrid, each with its advantages and draw-
backs: To produce ‘similar’ scaled graphs, graph-guided objectives focus on preserving the properties of the
original graph. This is suitable for applications that require retaining the patterns from original graphs. On the
other hand, the model-guided objectives aim to maintain the performance of the model by optimizing the scaled
graph. These methods are driven by motivation-oriented optimization and thus perform exceptionally well in
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predefined scenarios. However, it may result in overfitting, reducing the adaptability of scaled graphs to other
models or tasks. Hybrid methods combine the advantages of both graph-guided and model-guided approaches,
intending to retain model performance while preserving graph properties for scenarios that value both graph
property and model performance. However, balancing between the two objectives as well as optimizing them can
be challenging.

For model-guided methods, the performance on downstream tasks is naturally ensured. However, for graph-
guided methods, since the scaled graph is not tailored to the downstream task, might it fail to achieve optimal
performance in those applications? We select FreeHGC [39] and HGCond [45] for comparison, where the
former does not rely on knowledge from a pre-trained model on the original graph but instead uses graph-level
information to guide graph scaling, while the latter depends on a gradient matching objective. According to the
results reported in FreeHGC and HGCond, both methods produce scaled graphs that achieve solid performance
when training on downstream tasks. Meanwhile, FreeHGC demonstrates significantly higher efficiency compared
to HGCond, as it does not require training on the original graph or performing gradient matching. This indicates
that even without incorporating model-specific knowledge, the performance of scaled graphs on downstream
tasks may not necessarily be inferior. However, designing appropriate graph properties to preserve requires
considerable domain expertise. In contrast, model-guided objectives are more versatile, as they can be applied as
long as the models can be trained.

In conclusion, the choice of the appropriate objective depends on the specific requirements of the application.
Graph-guided is more suitable for tasks emphasizing graph structure, model-guided applies to scenarios empha-
sizing model performance, and the hybrid method seeks a balance between the two. Considering the goals of the
task and the characteristics of the graph, selecting the most suitable method requires careful consideration in
practical applications.

4 FORMULATION OF THE SCALED GRAPHS

Here comes the question: how to formulate each component of the scaled graph G? Since the scaled graphs
{Gs, Y'} = {{A', X'}, Y'}, therefore, f(G) pertains to formulating these three components. We write: A’ =
fa(G; W), X' = x(G; W), and Y’ = fy(G; W) to formulate each. As we conclude, there are two main classes:
the Modification and the Synthetic formulation. In this section, we will delve into the taxonomy and various
approaches for the formulation of a single scaled graph, and based on the foundation established by the single
graph formulation, we will briefly introduce the strategies to handle multi-graph datasets.

4.1 Modification formulation

Modification approaches encompass actions such as node aggregation and deletion, etc., where the scaled graph
is the product of modifying the original graph. This category of formulations can be uniformly formalized as
aggregating nodes from G to G,. Assuming each node 0] € V' is aggregated from k nodes in G, k € N, then the
most common scheme, e.g., [28, 29, 34, 35, 37, 41, 42, 74] did, was:

fa(G;P) =PTAP, £(G:P) =P'X,
fy(G;P) = argmax P* [ V]

P € RV is defined as a projection matrix, indicating that nodes V(i) in G were aggregated to a new node v; in

gs:
1 ifo) eV,
=1 =0 (13)
0 otherwise

(12)

In a general definition, each row of the projection matrix P may contain an uncertain number of nonzero
entries, ranging from none (the node is considered dropped) to one (the node is being selected or aggregated
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once) and even multiple (some node will be aggregated for multiple times). For example, in FreeHGC, based on
selecting a subset of nodes, synthesized hyper-nodes using the mean of the original nodes are then reconnected to
the selected nodes following the original connection pattern. Meanwhile, the formulation of a general multi-entry
projection matrix can accommodate this scenario. The rules for modifying the original graph are either a reflection
of the aforementioned optimization objective or the result of optimizing those objectives, where the specific
design of node selection and dropping (e.g., FreeHGC [39], OTC [41]), and aggregation (e.g., GR [28], SGC [34],
ReduceG [27], GraphZoom [35], G-Skeleton [47], MILE [38], FGC [37], OTC [41], ConvMatch [74]) is covered in
the section 3.1.

The advantages of the Modify strategies are: (1) the scaled graphs are the modification of the real graph, and are
thus highly interpretable; (2) The computational cost is relatively low, involving only a few matrix multiplications.
Once the construction rule or optimization model for the projection matrix is established, the graph scaling
process can become highly efficient. However, simple sum aggregation of nodes’ topology might lead to a sharp
increase in edge density in the scaled graph, thus some methods further gave sparsity constraint to matrix P to
sparsify the scaled graphs, e.g., [41]. Moreover, since the construction of rules of graph modification relies on
domain expertise, when the information contained in the graph follows entirely different patterns, the original
rules are likely to become ineffective.

4.2 Synthetic formulation

On the other hand, a key characteristic of synthetic approaches is that the nodes and edges in the scaled graph
may be newly generated. In terms of results, the scaled graphs can be viewed as outcomes of optimizing specific
objective functions. However, due to the unique nature of graphs—comprising node features, topology, and
labels—the optimization processes and strategies vary across different methods. We categorize the synthetic for-
mulations based on the optimization strategies applied to different components of the scaled graph, distinguishing
them into three processes: Predefined, Joint Optimization, and Sequential Optimization. Specifically:

4.2.1 Predefined. This kind of strategy is undoubtedly the most straightforward yet most tricky one. Two popular
strategies are used in the literature: predefine A’ = I (I'is the identity matrix) as in SFGC [61], OpenGC [69], and
CaT [13]; and predefine Y’ = Sample(Y). The former can be interpreted as the goal of GS being solely to learn
the prototype embeddings for each class, at which point the topology information has already been integrated
and is no longer necessary. The latter can be explained as achieving the same label distribution between the graph
before and after GS by employing a uniform sampling of labels. The tricky initialization of parameters (including
the initialization of G;) to optimize is also included as Predefined strategies, which will not be discussed further
here.

4.2.2  Joint Optimization. Methods in this category, e.g., GC-SNTK [67], KiDD [66], SGDC [68], DosCond [51],
HCDC [52], GEOM [60], BiMSGC [32] and GDEM [30], are the most simple yet the most challenging ones, where
the scaled graph (topology A’ and node features X’) is considered as parameters for the objective, and the node
labels Y’ were often predefined by sampling the original labels Y (while BGC [50] optimize the node labels as
well as topology and features). Meanwhile, methods represented by SFGC [61] completely discard the topology
and focus solely on optimizing node features, and we also classify these approaches as joint optimization. In
conclusion, the most popular formulation of joint optimization of the scaled graph is given by:

AGA) =A", k(X)) =X, fy(Y;) Y (14)

In this scenario, {A’, X"} = arg minga’ x/} O are treated as parameters to be optimized. The predefined strategy
of node labels, e.g., uniform sampling, can keep label distribution unchanged. Therefore, this strategy can be
perceived as generating dual features for each class: node features and their topological connection.
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4.2.3 Sequential Optimization. The existence of this strategy is typically regarded as a compromise in the
challenge of joint optimization: if the complete scaled graph, encompassing both matrix A’ and vector X/, is
regarded as optimization parameters, the dimensionality of the parameter space escalates significantly, introducing
challenges to the convergence of optimization objective. Therefore, optimizing part of the scaled graph first,
and constructing the rest parts to complete the GS process can be an efficient solution. Specifically, represented
by GCond [49], a series of works (e.g., GCDM [73], DisCo [71], TCGU [72], SimGC[75], GroC [53], EXGC [54],
GCARe [55], CTRL [44], HGCond [45], TinyGraph [56], FGC [57], RobGC [58], FGD [43] ) directly optimize the
scaled node features first and then use an MLP model to predict the connection relationships between nodes
based on this intermediate result, while CGC [76], Mcond [42], GCSR [46], SGDD [26], and CTGC [33] involves
careful designs of models or functions to generate graph topologies based on the intermediate optimization
results. The formulation is given by:

aXs0) =9Xs0), KGX) =X, fy(¥Y;) Y (15)

Where g() can be MLPs, etc., and in this case, {X’, w} = argmin(x ,,} O. Among the existing literature, as the
optimization of X’ also needs predefined labels, this formulation can be interpreted as generating prototypes for
each class first, and subsequently predicting their relationships (i.e., topology); or aggregate hypernodes first, and
determining their labels; or construct topology first, optimizing the node feature and labels as FedGKD [70] did,
hence possessing greater optimization efficiency, design flexibility, and interpretability of the scaled graphs (e.g.,
predicting connections based on node similarity).

4.3 Comparison of formulations

Each of the formulations mentioned has its distinct methods for generating A’, X, Y’, despite that the Sequential
Optimization Formulation must rely on the intermediate results of the other formulations. As we conclude,
the Modification formulations exhibit the strongest computational efficiency and interpretability, but their
applicability is limited, as designing graph modifications requires substantial domain expertise. The Synthetic
by joint optimization formulation is the simplest to conduct for its end-to-end design (defining the objective
and optimizing directly), yet it is also the most challenging since the parameter search space may be so big that
convergence is difficult. To address this issue, the Synthetic by Sequential Optimization is a 2-step scheme,
incorporating the advantages of both easy-to-implement and objective-oriented. The Synthetic by Predefined
formulation yields intuitive results and can be effective in carefully designed scenarios.

However, Synthetic formulations require directly optimizing the scaled graph, which is either randomly
or carefully initialized, according to predefined optimization objectives. This process often lacks transparency,
making it difficult to understand how the scaled graph maintains the properties of the original graph and why
it performs well on certain tasks. This limitation affects the interpretability of the generated small graph and
the GS process itself. In contrast, Modification formulations have clear and well-defined rules for editing
and aggregating the original graph. For example, in chemical molecular graphs, fixed and recurrent functional
groups are condensed into single nodes; in social networks, tightly connected communities with similar traits are
aggregated into single nodes, etc. These predefined rules enhance the interpretability of both the small graph and
the generation process, making it easier to understand how the scaled graph retains the characteristics of the
original graphs.

Depending on the application scenario, the choice between synthesis and modifying methods should be based
on downstream tasks and specific requirements. The table 2 presents the objective-based category of methods
included in this survey, and strategies on how to formulate the scaled graphs.
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Table 2. Taxonomy of surveyed methods

15

Implementation Detail

Evaluation

~ Method Objective O Formulation f
fa fx fv Graph  Model

GR [28] Spectral Properties Modification pTAP P*X - v -
SGC [34] Spectral Properties Modification PTAP PtX - v -
E ReduceG [27] Spectral Properties Modification pTAP - - v -
5 SCAL [29] Spectral Properties Modification PTAP PtX argmax(P*Y) - v
'§ GraphZoom [35]  Equivalence Aggregate Modification pTAP GNN(A'X) - - v
3 G-Skeleton [47]  Equivalence Aggregate Modification pTAP f(PHX - - v
MILE [38] Equivalence Aggregate Modification PTAP f(PHx - - v
FGC [37] Graph Statistics Modification PTAP PrX - v v
CaT [13] Graph Similarity Synthetic I argminys O Sample(Y) - v
FreeHGC [39] Ranking M+S PTAP P*X Sample(Y) E V4
OTC [41] Ranking + Reconstruct M+S pTAP GNN(A'P*X) - - v
ConvMatch [74] ~ Embedding Similarity Modification PTAP PtX argmax(P*Y) - v
GCDM [73] Embedding Similarity Synthetic MLP(X") arg minys O, Sample(Y) - v
CGC [76] Embedding Similarity Synthetic FXX'T) arg minys O fAY) - v
FedGKD [70] Loss Matching Synthetic f(X") arg miny y» O v v
GC-SNTK [67] Loss Matching Synthetic argminys x/ yr» O - v
KiDD [66] Loss Matching Synthetic argminys x» O Sample(Y) - v
SGDC [68] Loss Matching Synthetic arg ming, x7 O Sample(Y) - v
OpenGC [69] Loss + Embedding Synthetic I arg minys O Sample(Y) - v
DisCo [71] Loss + Embedding Synthetic MLP(X") arg minys O Sample(Y) - v
TCGU [72] Loss + Embedding Synthetic MLP(X") arg minys O Sample(Y) - v
SimGC[75] Embedding + Logits Synthetic MLP(X") argminys O Sample(Y) - v
E BGC [50] Gradient Matching Synthetic argming x7 yr O - v
5 DosCond [51] Gradient Matching Synthetic argminys x» O Sample(Y) - v
o] HCDC [52] Gradient Matching Synthetic argmings x» O Sample(Y) - v
§ GCond [49] Gradient Matching Synthetic MLP(X") arg minys O Sample(Y) - v
GroC [53] Gradient Matching Synthetic MLP(X") argminys O Sample(Y) - N
EXGC [54] Gradient Matching Synthetic MLP(X") arg minys O Sample(Y) - v
GCARe [55] Gradient Matching Synthetic MLP(X") argminys O Sample(Y) - v
CTRL [44] Gradient Matching Synthetic MLP(X") arg minys O Sample(Y) - v
HGCond [45] Gradient Matching Synthetic MLP(X") argminy O Sample(Y) - v
TinyGraph [56] Gradient Matching Synthetic MLP(X") arg minys O Sample(Y) - v
FGC [57] Gradient Matching Synthetic MLP(X") argminys O Sample(Y) - v
RobGC [58] Gradient Matching Synthetic MLP(X") arg minys O Sample(Y) - v
MSGC [59] Gradient Matching Synthetic MLP(A,X") argminys O Sample(Y) - v
GEOM [60] Ranking + Trajectory Synthetic argming x7 O GNN(Gs) - v
SFGC [61] Trajectory Matching Synthetic I argminys O Sample(Y) - v
=] Mcond [42] Reconstruct + Gradient M+S PTAP arg minys O Sample(Y) - v
£ FGD [43] Relation + Gradient Synthetic MLP(X") argminys O Sample(Y) - v
= GCSR [46] Relation + Trajectory Synthetic FX'X'T,AY, Y arg minys O Sample(Y) v v
SGDD [26] Spectral + Gradient Synthetic GEN(A, X', Y) argminys O Sample(Y) v v
BiMSGC [32] Spectral + Gradient Synthetic argming x7 O Sample(Y) - v
GDEM [30] Spectral + Logits Synthetic argming x7 O Sample(Y) v v
CTGC [33] Spectral + Embedding Synthetic I-UAUT argminys O - - v

Ps.’M’,’S’ stands for Modification and Synthetic respectively. The ‘Objective’ and the ‘Formulations’ columns respectively illustrate the specific

designs of certain methods in our taxonomy. Implementation detail provides specific details of the formulation of scaled graphs. ‘Evaluation’ columns
correspond to the taxonomy of objectives, and ‘v’ indicates that evaluation experiments have been conducted in a certain aspect.
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4.4 Strategies: S — S;

After introducing the methods for scaling a single graph, we will now explore the strategies for multiple graphs.
Methods in this category enable more efficient and effective graph matching learning in graph-level scenarios
such as continual graph learning [77]. As this paper primarily focuses on single graph scaling, we will only
provide a concise overview:

One-by-One strategy: If the number of graphs remains unchanged, i.e., every single graph is scaled indepen-
dently, e.g., SGC [34], we categorize this scheme as the one-by-one strategy. Any method capable of scaling a
single graph can be adapted to scale multiple graphs by employing this strategy. Joint Optimization strategy:
Similar to the single-graph joint optimization, this strategy combines multiple scaled graphs as parameters of
the optimization objective, e.g., DosCond [51]. By naming the number of graphs in a graph dataset to be 1, this
category of methods would essentially degenerate into a single-graph optimization strategy. Selecting strategy:
The core idea of this strategy is to rank every single graph by score functions and select the top-ranked ones, e.g.,
[36, 78], or select the most frequent components (specifically the computation trees in [79]) among each graph.

5 DATASET AND EVALUATION
5.1 Dataset Statistics

We systematically organize and summarize the datasets employed in the discussed methods, categorizing them
into two primary types: datasets featuring a single large graph and those comprising multiple graphs. The former
is typically utilized for tasks such as node classification and edge prediction, while the latter is employed in
graph classification. We present key attributes of the datasets, encompassing details such as the number of nodes,
number of edges, features, and classes, and the graph type (e.g:; social network or molecular network) for datasets
with a single large graph. Additionally, for datasets containing multiple subgraphs, we provide organization
based on the number of subgraphs, average number of nodes, average number of edges, number of labels, and

the type of graph. The detailed statistics of the datasets can be found in our online resources ®.

5.2 Evaluation Metrics

GS aims to create a significantly smaller graph dataset while preserving sufficient information, thus it is crucial
to evaluate how much this information is retained. The evaluation of GS methods is challenging compared to
the straightforward performance evaluation of traditional GNNs, mainly due to their involvement in multiple
aspects. From a holistic perspective, we summarize the evaluation of the entire GS process into two aspects:
effectiveness and efficiency. Effectiveness evaluates how well the scaled graphs retain the original information,
while efficiency includes both the scaling process and downstream task efficiency. Details can be found below:

5.2.1 Metrics Over Effectiveness. From the perspective of input and output, GS methods take the original graphs
as input and the scaled graphs as output. To verify that the scaled graphs are informative, the effectiveness of GS
is evaluated through the following different aspects: (1) The similarity between the original and scaled graphs
is assessed in domains such as spectral and spatial characteristics. (2) The performance of scaled graphs in
downstream tasks, while closely mirrors evaluations in traditional GNNs, a comparable performance can be
considered as successful preservation of valuable information for downstream tasks.

(3) Properties of the scaled graphs alone, e.g., applicability which involves integrating GS as a component
within an existing system, with evaluation metrics aligning with target systems like Graph Embedding and Graph
Continual Learning; The capabilities such as fairness, generalizability, etc. Specifically:

Ihttps://github.com/Frostland12138/ Awesome-Graph-Scaling
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Similarity with Original Graphs. Evaluation of how well the scaled graphs replicate the spectral and spatial
characteristics of the original graphs involves metrics such as the Proportion of Low-Frequency Nodes, the
Mean of High-Frequency Areas, and various spectral domain metrics. The dissimilarity between recovered graph
partitions and ground-truth structures is quantified using Normalized Mutual Information (NMI). Error metrics,
such as Relative Eigenerror, Reconstruction Error, Dirichlet Energy, and Hyperbolic Error, also provide insights
into the similarity evaluation.

Performance of Mining on Scaled Graphs. The evaluation of GS methods entails a diverse set of metrics tailored
to specific downstream tasks. In node and graph classification, widely adopted measures include Accuracy (ACC),
with the Mean Classification ACC and Standard Deviation providing a more robust assessment. Furthermore,
widely adopted performance evaluation metrics, such as the area under the ROC curve (AUROC), the area under
the precision-recall curve (AUPRC), and the F1-score, find extensive application across diverse downstream tasks.
For the link prediction task, common metrics include Hits@50 and Mean Reciprocal Rank (MRR).

Independent Graphs Property Evaluation. The aspect of evaluating independent graph properties does not have
a fixed form. It can be as simple as visualization or presenting statistical features of the scaled graphs, or as
complex as evaluating transferability and robustness for them being used for training across models and tasks.
The utilization of GS methods in various systems entails the consideration of diverse evaluation metrics. For bias
measurement in GS [43, 55], fairness metrics, including Demographic Parity (also known as Statistical Parity)
and Equal Opportunity, are employed.

Model-guided GS methods raise concerns about the generalizability of scaled graphs. These methods would be
more inclined to use the specific graph neural network model used inthe GS process, thus further attenuating the
performance of the scaled graph on other tasks with different types of models. In other words, scaled graphs may
struggle to generalize to various downstream GNNs and tasks. To address these concerns, it is often necessary to
introduce additional constraints to ensure that the scaled graphs maintain the necessary transferability. However,
detailing these constraints is beyond the scope of this discussion.

Analysis of effectiveness metrics. In summary, the effectiveness of GS methods can be evaluated through the
above three aspects. The first two aspects (namely, graph similarity and model performance before and after GS)
correspond precisely to our taxonomy of GS objectives: graph-level and model-level. It is worth noting that the
objective design and evaluationaspects in some methods may not necessarily correspond. For example, some
methods perform GS through graph-level objectives and evaluate through the performance of the trained models,
and vice versa. We present the execution of each method in these two corresponding aspects of the objective
taxonomy in table 2, the last two columns.

5.2.2  Metrics Over Efficiency. The fundamental motivation of GS is to facilitate graph mining tasks on large-scale
original graphs with efficiency. Consequently, it is imperative to evaluate the computational resources saved by
GS in the mining of scaled graphs. Meanwhile, although GS is a one-time effort, the process of GS itself should
not take too many resources.

Within the GS methods, e.g. [49, 51], analyze the computational complexity, primarily emphasizing time
complexity and, to a lesser extent, space complexity. With respect to various datasets and scale ratios (often
expressed as a percentage), this approach entails directly measuring the time required for generating the scaled
dataset, commonly referred to as scaling time. For a more in-depth analysis of this term, certain methods further
subdivide the time, e.g., GDEM[30] proposes additional metrics: time spent on the pre-processing stage; KiDD[66]
measures the time dedicated to forward and reverse gradient propagation based on varying batch sizes, etc. In
addition, considering that the large size of original graph data can cause the Out of Memory (OOM) problems,
some methods also measure the memory usage in this process.
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The efficiency of training a new GNN in downstream tasks using scaled graphs is undoubtedly superior to
that of original graphs, where the time and space saved by GS are empirically proportional to the scale ratios.
However, there are still some researches [42, 67, 74] specifically focused on evaluating downstream task training
time and memory usage. Notably, not all methods explicitly address the efficiency of GS, but the absence of it
does not imply its impossibility to conduct such [29, 34]. Considering both efficiency and effectiveness, we will
introduce a tradeoff consideration in the following chapters.

6 LIMITATIONS AND CHALLENGES
6.1 Performance Gaps

Typically, performance saturation is observed as the scaling ratio (the number of nodes in scaled graphs compared
to the original graph) increases. However, researchers also note a significant gap between saturated performance
and that of the original graph [60], especially in large datasets. As shown in table 3, We collected the reported
SOTA results from several recent benchmark works (specifically by Sun et al. in GC-Bench [63], Liu et al. in
GCondenser [65] and Gong et al. in GC4NC [64]) and compared the reported best performance across all scale
ratios with the performance on the full dataset, calculating a ratio of performance maintenance in the bottom
row of table 3. If this ratio reaches 100%, it indicates that at least for the current task and model, the scaled graph
retains all the key information of the original dataset, i.e., the task-specific.information is lossless. However,
sorted by the scale of the original dataset, it can be observed that even the SOTA methods cannot achieve 100%
performance on larger datasets (Arxiv, Reddit, and Products).

Table 3. The best performance of reported SOTA at all scale rates against the performance on the full dataset.

Dataset Cora Citeseer ACM PubMed DBLP . Flickr Arxiv  Reddit Products
Num. Nodes 2,708 3,327 10,942 19,717 37,791 89,250 169,343 232,965 2,449,029
SOTA Method SGDD GDEM  SFGC GEOM SFGC GCDM  SFGC SFGC GEOM

Baseline 80.0 71.4 91.7 79.3 80.1 46.8 71.4 94.4 73.1
NC ACC 81.4 73.4 92.2 80.1 82.1 49.3 67.8 91.3 71.1
% Maintenance  101% 102% 101% 101% 102% 105% 94% 96% 97%

‘Baseline’ indicates the node classification accuracy (NC ACC) of the model trained on the original graph;
‘NC ACC’ reports the best performance of the same model trained on the scaled graphs.

As we analyze, maintenance of performance exceeding 100% can be attributed to the dual role of graph scaling
as a denoising process, which effectively enhances the quality and information density of the training data
compared to the original dataset. For cases where performance falls below 100%, since this issue only arises
in extremely large-scale graphs, we hypothesize that the extreme complexity of large-scale graph structures
may render current methods insufficient. Specifically, the widely used approach of employing MLPs to predict
connectivity based solely on node attributes may struggle to model the intricate structural dependencies inherent
in these large graphs. Structure-free methods such as SFGC offer a simple yet effective solution by completely
discarding the graph structure of the scaled graph and encoding everything into an embedding as the node
feature. However, this approach results in the scaled graph losing real-world semantics of node connectivity,
making it understandable only to machine learning models. The performance gap observed on large-scale graphs,
specifically the inability to surpass the performance of models trained on the original large-scale graphs, remains
an unresolved challenge in the field.

6.2 Efficiency Concern for Applications

If the ultimate goal of GS is to train GNNss effectively on scaled datasets, it may be required to ensure that the time
and resources invested in GS do not surpass the time saved by training on smaller graphs. Currently, evaluations in
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this area mainly focus on estimating algorithm complexity and statistical analysis of actual runtime (with respect
to optimization epochs). According to the experiment results reported in GCondenser [65], structure-free methods
such as SFGC exhibit the shortest running time, while model-guided methods with sequential optimization
formulations, such as GCond, have the longest runtime. However, since the GS process is a one-time effort, as long
as the downstream task continues for a sufficient duration or is repeated frequently, the efficiency requirement
can still be fulfilled. Thus, we believe that the downstream task scenarios should also be included as part of the
efficiency evaluation scheme.

6.3 Comprehensive Effectiveness Metrics

Existing methods predominantly evaluate GS effectiveness based on the performance of scaled graphs in down-
stream tasks. Conventional performance metrics, like classification accuracy, might fall short in addressing
critical issues such as fairness [55], robustness against adversarial attacks [53] etc. A robust synthetic dataset is
one that is accurate, reliable, and useful for its intended purpose; A high-quality scaled graph dataset should
be versatile, applicable across multiple settings, regularly updated, and reusable. Therefore, we believe that a
comprehensive evaluation protocol should cover the ability of a trained model to maintain consistent performance
when confronted with perturbations, noise, and multiple downstream purposes in real-world scenarios. The
identified problems are currently limited and incomplete, despite existing research, warranting a more extensive
investigation. While few efforts, e.g. [43], have proposed constraints focusing on group fairness, future exploration
could broaden the scope to include other universal constraints and apply evaluation metrics (e.g., regarding
fairness and robustness) for GS.

6.4 Unexplored Methodological Capabilities

The scopes of investigations on generalization were exploring performances with (1) Various GNN architectures;
(2) Model convergence; (3) Optimal scaling ratios and (4) multiple downstream tasks. The main idea is to use the
model performance on the scaled graph asa metric to assess the quality of the graph scaling. In this context, the
performance metric is considered independent of the semantics of the scaled graph, and thus we consider GS
methods using this strategy of evaluation to have lower interpretability. By incorporating the leading explanation
techniques (e.g., GNNExplainer [80] and GSAT [81] to select the important nodes in the training process), EXGC
[54] injects the explainability inte their models.

7 CONCLUSION AND FUTURE DIRECTIONS

In conclusion, this paper investigated the research domain of Graph Scaling, commencing with a formal problem
definition that distinguishes it from general dataset distillation, and progressing through taxonomy and analysis of
optimization objectives, formulation methodologies, datasets, and evaluation metrics. While substantial progress
has been achieved in GS; numerous avenues for future exploration and development remain. As the field continues
to evolve, addressing the following areas will be crucial for advancing the capabilities and applications of GS:

7.1 Interpretability of the Scaled Graphs.

Graphs have emerged as a tool to simultaneously model relationships (edges) between real world entities
(nodes), and GNNs were developed to learn knowledge from Graphs. Unlike the natural interpretability of dataset
distillation in the field of computer vision [62], the output of scaled graphs requires further exploration to enhance
their real-world interpretability. In the scaled graph, there may exist aggregated or synthetic nodes and edges
that do not exist in the real world. The challenge lies in interpreting the semantics of these elements. Existing
methods often lack semantic analysis; typically, after obtaining the scaled graph, it is directly fed into GNNs
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as training input, neglecting the interpretation of the semantic meaning of the scaled graph itself. Thus, future
research should emphasize interpreting the scaled graphs.

Moreover, by generating smaller and high-quality scaled graphs, the efficiency of graph data mining methods
can be fundamentally enhanced. However, validating the usefulness of a method in a specific scenario still relies
on the 'retrain-evaluate’ paradigm. In other words, the assessment of graph data quality is indirectly performed
by evaluating the performance of the model trained on that data. Moving one step further, quantifying the
interpretability of graphs can be a solution to graph data quality assessment. We believe that, in the future, a key
aspect of data-centric graph machine learning will be the development of graph data quality assessment methods.
On one hand, graph data quality assessment can directly evaluate the effectiveness of graph scaling methods
without the need for frequent model retraining. On the other hand, given the difficulty of handling large graphs,
scaling down graphs using graph scaling methods can also empower graph quality assessment methods to run
more efficiently.

7.2 More Type of Graphs to Scale.

Although GS has been successfully developed in various graphs, most of the existing methods have primarily
focused on undirected, homogeneous, static graphs. However, graphs in real-world scenarios are usually more
complicated [82], such as dynamic graphs (e.g., traffic flow graphs that vary over time), heterogeneous graphs
(e.g., user-item graphs), etc. In a particular study [47], the Scaling target comprised heterogeneous graphs, yet
the focus remained singular, concentrating solely on one category. Specifically, the research aimed to identify
background nodes linked with target nodes, including affiliationnodes and bridging nodes. By isolating these
nodes, the study then derived a skeleton graph, achieving an exceptionally small ratio. Scaling on these complex
graphs requires preserving richer information from the original graph, which in turn poses greater challenges.
More recently, there are works focusing on scaling heterogeneous graphs [39, 45], dynamic graphs [69] and
multi-label scenarios [83]. Due to the complexity and diversity of real-world graph data, more graph types should
also be considered.

7.3 Exploring the Correlation between GS methods.

Under our taxonomy, optimization objectives can be categorized into two groups: graph-guided and model-guided,
by specific information to preserve. These two types of objectives are not inherently conflicting, yet their mutual
relation has not been conclusively investigated. For instance, it remains uncertain whether there exists theoretical
assurance that the preservation of certain graph properties is sufficient for the retention of GNN performance, or
the other way around. Recently, FreeHGC [39] and CGC [76] have demonstrated that scaled graphs generated
through training-free, heuristic-driven designs can also deliver impressive performance. We believe that future
research on GS methods, by demonstrating that maintaining specific graph properties is crucial for preserving
performance, could fill the gaps in the theoretical relationship between retained graph properties and downstream
outcomes.

7.4 More Graph Formulation.

While numerous methods have been developed to simplify graph representations, we believe that many potential
and feasible approaches remain unexplored. For example, non-uniform sampling of labels during GS might be a
viable solution to address label imbalance issues [84]; node features can be predefined as mutually orthogonal one-
hot vectors, similar to what was done in [85], just to generate the topology and thus facilitate relationship learning,
etc. Promising directions include leveraging transfer learning (e.g., recently in [57]), integrating reinforcement
learning, and employing self-supervised learning (e.g., recently in CTGC [33]). Additionally, generative models
like GANs and VAEs, and hybrid models combining multiple GS techniques, could yield superior results (e.g.,
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in [53] and [55]). Differences in methodological perspectives can drive experimental approaches to generate
synthetic graphs according to a particular tendency, and many core concepts from the field of computer vision
can be well adapted to graph data research. This raises the question: are there methods more suited to the unique
properties of graphs, specifically designed for graph data in non-Euclidean spaces or for various types of GNN
models? We look forward to exploring these and other directions in future research.

7.5 Tradeoff Framework.

Within the exploration of applications, we inevitably confront a crucial yet delicate question: How do we determine
the scale of the scaled graph to meet the predefined purpose of GS? Although existing methods (e.g., in [65]) have
recognized the tradeoff between effectiveness and efficiency (as evidenced by their ratio-performance figure), we
argue that both effectiveness and efficiency should be comprehensively included in a tradeoff framework. This is
crucial to specify the utility of GS and expand its application scope to more practical scenarios. By considering
both aspects, we can better understand the benefits and limitations of GS techniques and make informed decisions
about their applicability in real-world settings.
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