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Abstract
Large LanguageModels (LLMs), empowered by autoregressive next-
token prediction, have demonstrated strong reasoning capabilities.
Extending this paradigm to graph data requires next graph token
prediction, yet existing graph tokens struggle to balance two com-
peting requirements: capturing higher-order structural semantics
with high information density, and remaining strictly reversible for
faithful decoding. Concretely, first-order textual encodings are re-
versible but long and semantically sparse, while continuous encod-
ings capture high-level semantics but inevitably lose exact topology.
To this end, we propose GraphVulcan, a novel framework that en-
ables discrete reversible and semantic-rich tokenization of graphs
using a vocabulary of canonical graphlets. Our approach preserves
full structural fidelity while enabling LLMs to natively reason over
compositional graphlets through graph-level next-token prediction.
We propose a three-stage training paradigm: (1) Structural Semantic
Pretraining to learn graph token compositionality, (2) Multi-task
Fine-tuning on large-scale CoT-augmented reasoning examples,
and (3) Reinforcement Learning to explore and refine reasoning
paths. Experiments show that GraphVulcan outperforms first-order
encoding baselines across 7 graph reasoning tasks and 3 real-world
benchmarks while achieving higher computational efficiency. Our
∗Sheng Zhou is the corresponding author.
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work demonstrates that structure-aware discrete tokenization is
a feasible way toward general-purpose graph–language models
capable of structural reasoning. Codes are available at:
github.com/alibaba-behavioral-risk-control/GraphVulcan.
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1 Introduction
Graph reasoning is the ability to preceive, interpret, analyze and
draw conclusions from relational structures, such as determining
connectivity, detecting cycles, and computing shortest paths. It
is essential across diverse domains, from social networks and bi-
ological systems to knowledge graphs and molecular structures.
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Yet, conventional graph representation learning methods, includ-
ing Graph Neural Networks (GNNs) [12, 14, 37] and Graph Trans-
formers (GTs) [4, 40], are ill-suited for graph reasoning because
they typically compress a graph into fixed-dimensional continuous
embeddings optimized for end-to-end property prediction, obscur-
ing the explicit combinatorial structure needed for step-by-step
relational inference. Recent advances in Large Language Models
(LLMs) [1] have demonstrated remarkable proficiency in natural lan-
guage understanding and reasoning [35], and their capabilities have
gradually expanded to other modalities such as vision [18] and au-
dio [26]. More recently, these advances have also been extended to
graph reasoning, motivating the development of Graph-Language
Models (GLMs) [15, 29, 41, 46].

Despite promising progress, most existing GLMs primarily aim
at graph understanding or property prediction, and often do not
yield an explicit, step-by-step reasoning trace grounded in the un-
derlying topology. Meeting the above requirements calls for an
autoregressive next-token prediction capability—an objective that is
central to LLM reasoning. However, because graphs are discrete and
non-sequential, directly aligning graph embeddings with text to-
kens or naively performing joint training with text does not by itself
resolve the challenges discussed above. Specifically, an ideal Graph
Token should correspond to a canonical structural primitive (e.g.,
a graphlet [22]) that (i) compactly encodes higher-order topology
to maximize information density for Transformer attention and
compositional reasoning, and (ii) preserves sufficient structural and
node identity information to enable strict reversibility, so that au-
toregressively predicted token sequences can be deterministically
decoded into valid, complete, and faithful graphs.

However, existing graph tokenization approaches often fail to
balance representation efficiency and reversibility effectively. First-
order textual encodings (e.g., edge lists) [2, 8, 10, 11, 30–32, 43]
treat graphs as unstructured bags of edges, offer reversibility but
suffer from semantic sparsity, forcing the LLM to expend signifi-
cant attention bandwidth solely to infer basic high-order motifs
like cycles or cliques from atomistic pairwise interactions, thereby
crowding out resources for global logical reasoning. Conversely,
continuous encodings (e.g., GNN/GT-based projectors or quantized
tree vocabularies) [3, 15, 29, 33, 41, 46] capture high-level semantics
but incur irreversible topological loss. By compressing discrete com-
binatorial structures into fixed-width vectors or ambiguous latent
codes, they inherently mismatch with the discrete nature of graph
data, obscure the precise structural details required for algorithmic
reasoning and exact reconstruction. Furthermore, these continu-
ous abstractions often bind the model to identify domain-specific
feature without explict structural reasoning, making it difficult to
disentangle whether the model is performing structural reasoning
or merely pattern-matching against domain artifacts. Thus, the
critical challenge is to construct discrete graph tokens that simulta-
neously (i) preserve exact topology for lossless decoding, and (ii)
encapsulate higher-order structural semantics with high informa-
tion density, so that LLMs can perform next graph token prediction
and reason compositionally over graph structure.

In this paper, we introduceGraphVocabULary forCompositional
SemAntics in Large LaNguageModel,GraphVulcan, a novel frame-
work that bridges graph-structured data and LLMs through re-
versible, discrete graph tokenization. To leverage LLMs for

Node 1 is connected with Node 2
Node 2 is connected with Node 3
…………………………

Input Graph

First-order Encodings

External Encoders

GraphVulcan

Insufficient  Information,
I Can’t reconstruct the 
original structure.
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I can’t tell which one is important. 
So I need to traverse through 
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Now I have a clear view of 
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Figure 1: Themotivation behind using graphlet as basic struc-
tural primitives. Graphlets capture higher-order topological
patterns that go beyond pairwise edges, enabling LLMs to
rapidly infer global graph properties and reason composi-
tionally over complex structures.

graph reasoning, graph must be transform into discrete seman-
tic units that LLMs can predict, compose, and reason over, just as
they do with words in natural language. In the graph domain, these
units correspond to recurring substructures known as graphlets [22],
which function as the “words” or “phrases” of a graph-based lan-
guage and serve as building blocks for complex network topologies.
We construct a canonical vocabularyV comprising all connected
non-isomorphic graphlets, each assigned a unique token. This de-
sign achieves exponential compression, significantly improve at-
tention efficiency and semantic density. Moreover, our graphlet
vocabulary is fully reversible, effectively preserve local structural
semantics thus precisely convey structural information to the LLM.

This vocabulary are then incorporated into the LLM’s vocabulary
and deeply integrated with the LLM, enabling next graph token
prediction. Based on this graph vocabulary, we design a Structure-
Aware Graph Tokenizer that employs a greedy strategy to maxi-
mize the semantic information density of each token and leverages
Weisfeiler–Lehman (WL) coloring to ensure local-deterministic to-
kenization. To enable the LLM to understand the compositional
relationships and structural hierarchies among different graphlets,
we introduce a structure semantic pretraining task. This task trains
the LLM to implicitly construct a semantic relational tree over graph
tokens within its parameters, thereby capturing the internal struc-
tural composition of each token. Building upon this foundation, we
further design tailored Chain-of-Thought (CoT) reasoning examples
and a reinforcement learning strategy to train the model to perform
fundamental graph reasoning tasks. Below are our contributions:
• Graphlet-based Vocabulary and Tokenization:We intro-
duce a canonical graph vocabulary comprising all connected
non-isomorphic graphlets, where each graphlet is deeply
integrate with LLMs to achieve next graph token prediction.
Building upon this vocabulary, we propose a structure-aware
greedy tokenization algorithm that decomposes arbitrary
graphs into compact token sequences with high semantic
density, achieving exponential compressionwhile preserving
full structural information through reversible encoding.
• Three-stage Training Curriculum: We design a hierar-
chical training strategy including structural semantic pre-
training, multi-task fine-tuning, and reinforcement learning
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optimization to progressively build the model’s graph rea-
soning capabilities.
• Empirical Validation: Extensive experiments across 7 graph
reasoning tasks demonstrate that GraphVulcan significantly
outperforms first-order encoding baselines in both accuracy
and efficiency.

2 Related works
2.1 Graph Vocabulary
Decomposing graphs into recurring structural primitives—such as
network motifs [19] and graphlets [22, 23]—is a well-established
approach in network science. These small induced subgraphs serve
as universal building blocks that capture local topology across do-
mains (e.g., biological and social networks) and have been widely
used for graph comparison [28], classification [16], and anomaly de-
tection [21]. Recent efforts integrate such primitives into representa-
tion learning. GFT [33] derives a transferable tree vocabulary from
GNN message passing, while GRAVER [39] learns class-specific
subgraph patterns via ego-graph disentanglement. However, both
encode primitives as continuous embeddings, which are irreversible
and lossy [3]. PromptGFM [45] instead uses native LLM tokens to
represent nodes as text sequences, avoiding out-of-vocabulary is-
sues in Text-Attributed Graphs—but remains limited to node-level
attributes. In contrast, our work tokenizes entire graphs into re-
versible structural primitives, enabling exact reconstruction, com-
positional reasoning over global topology, and seamless integration
with LLMs through next graph token prediction.

2.2 LLM Graph Reasoning
We focus on LLM-based reasoning for fundamental graph algorith-
mic tasks. Existing approaches fall into two categories: (1) prompt
engineering with frozen LLMs, and (2) fine-tuning with graph-aware
representations. For Prompt Engineering. This line of work inves-
tigated how different prompting strategies can elicit graph under-
standing from serialized inputs. Works like NLGraph [31] evalu-
ate how natural language descriptions of graphs, combined with
strategies such as Build-a-Graph and Algorithmic Prompting, elicit
reasoning in LLMs. GraphQA [8] systematically studies the impact
of different graph serialization methods on LLM performance. For
Instruction Tuning this line of work adapts LLMs via fine-tuning.
GraphWiz [2] uses a large instruction-tuning dataset with explicit
reasoning traces and applies DPO [24]. NLGift [43] examines gener-
alization across graph patterns, while InstructGraph [32] enhances
reasoning and generation via instruction tuning and a code-like
graph verbalizer—avoiding external encoders. However, these meth-
ods typically rely on first-order encodings (e.g., edge or adjacency
lists), which capture only pairwise relations and miss higher-order
motifs. Some incorporate multi-hop neighborhoods [3, 44], but
often sacrifice global connectivity and lack reversibility. Others de-
ploy LLM agents with external tools [17, 42], yet these focus on task
execution rather than fostering intrinsic graph understanding. To
enable structural reasoning in LLMs, we argue that graphs should
be represented using fundamental structural primitives—such as
graphlets—that support interpretable, semantic-rich, and reversible
tokenization within LLMs.

Figure 2: First 15 non-isomorphic graphlets with node count
2 ≤ 𝑘 ≤ 5 in graph vocabulary1.

3 Method
3.1 Preliminary
In this section, we introduce the fundamental concepts underlying
our graph tokenization approach.We first define the graph tokeniza-
tion problem and then discuss the notion of structural semantics
that guides our vocabulary design.

3.1.1 Graph Tokenization. The tokenization process decomposes
the input graph 𝐺 into a sequence of structural units (tokens),
each representing a subgraph pattern from the vocabulary. This
transformation enables graph structures to be processed by LLMs.

Definition 3.1 (Graph Tokenization). Given an undirected graph
𝐺 = (𝑉 , 𝐸), graph tokenization is a mapping function 𝑓 : G →
T ∗ that transforms the graph into a finite sequence of tokens from
a predefined vocabularyV:

𝑓 (𝐺) =𝑇 = [𝑡1, 𝑡2, . . . , 𝑡𝑛], 𝑡𝑖 ∈ V . (1)

To guarantee full reversibility of the token sequence, it must
encode not only structural information but also node-specific infor-
mation, ensuring a complete and unambiguous reconstruction of
the original graph. Under this definition, various first-order encod-
ing approaches(e.g., Edge list [31], Incident [8]) can be considered as
forms of graph tokenization with vocabularyV that only consists
of nodes and edges. However, an ideal graph token sequence should
also exhibit high information density—i.e., each token should carry
as much structural information as possible to enhance the efficiency
of the attention mechanism in Transformer-based models. Under
this objective, first order encoding is suboptimal due to its low
information density.

3.2 Graphlet-based Vocabulary
The tokenization of graph structures in language models presents
a fundamental challenge: how to encode complex topological infor-
mation in a way that preserves structural semantics while remain-
ing computationally tractable. To better illustrate the limitations
of existing graph encodings, let us consider a specific scenario. As
shown in Figure 1, when graph structures are first-order encoded
1For full vocabulary please refer to Appendix B
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Figure 3: Training pipelines of GraphVulcan.

as natural-language text, such as edge lists, the resulting tokeniza-
tion can preserve most raw structural information and is therefore
largely reversible. However, the encoded token sequence is often
excessively long and semantically sparse: the model must implicitly
reconstruct higher-order structures from scattered pairwise edges
and cannot directly identify which motifs or substructures are rel-
evant to the task. External graph encoders provide an alternative
by compressing high-order structural information into continuous
dense vectors, but this compression is inherently lossy, making it
difficult or impossible for the LLM to recover the original topol-
ogy from the dense embedding vectors. In contrast, graphlet token
sequences preserve reversibility while directly encoding higher-
order structural semantics, enabling the LLM to access task-relevant
graph structures without reconstructing them from raw edges.

In this work, we propose a graphlet-based vocabulary that decom-
poses graphs into a finite set of small, connected subgraph patterns.
This design is motivated by two key principles: (1) Information
Density: graphlets achieve exponential compression. A k-clique
contains k(k-1)/2 edges but requires only a single graphlet token,
yielding a compression ratio of O(k2)→ O(1). This dramatically
reduces sequence length from O(|E|) to O(|E|/k), directly improv-
ing Transformer attention efficiency and enabling the model to
capture global graph properties within limited context windows.
(2) Semantic Preservation: Our graphlet vocabulary is fully re-
versible by preserving all structural information. Moreover unlike
edge-by-edge representations, graphlets preserve local topological
context. For example, a triangle (3-clique) conveys fundamentally
different structural information than a 3-path, and this distinction
is explicitly encoded in our vocabulary. This design aligns with hu-
man cognitive patterns: when reasoning about networks, humans
naturally identify motifs (e.g., "a social clique", "a hub-and-spoke
structure") rather than enumerating individual edges.

Figure 2 illustrates a subset of the graph structure vocabulary,
for the full structure vocabulary please refer to Appendix B. These
fundamental structural units are already capable of effectively cap-
turing local structural invariants. However, in addition to these

structural tokens, we also need to define a set of special tokens to
form a complete representation of the graph:

<G1>: Denotes isolated nodes in the graph.
<NidB>/<NidS>/<NidE>: Mark which nodes are included in

each structural token, where <NidB>/<NidS>marks the start/end of
node ID sequence and <NidS> splits them; without this information,
the completeness objective cannot be achieved.

<G_Operator_Eq>: Functions similarly to an equals sign, indi-
cating semantic equivalence between the token sequence on its left
and right sides; this operator plays a crucial role during inference.

<G_Connect> / <G_Disconnect>: Used to annotate each con-
nected component in the graph. We consider connectivity a key
aspect of structural semantics—since different connected compo-
nents are semantically independent, they require explicit marking.

Through the above definitions, we obtain a full graph vocabulary
V . Notably, we use distinct mnemonics to denote graph tokens;
but this does not imply that the LLM can directly access the natural
language tokens corresponding to these mnemonics. These tokens
are actually added to the LLM’s vocabulary as atomic units, and
the dimensions of the LLM’s embedding and projection head are
adjusted accordingly to accommodate the new vocabulary. This
enables the LLM not only to understand these graph tokens but
also to generate them as output, thereby facilitating next graph
token prediction.

3.3 Structure-Aware Graph Tokenization
With the graph vocabularyV defined, the core challenge of graph
tokenization is to transform an arbitrary graph 𝐺 into a linear se-
quence of tokens 𝑇 that is both compact and reversible. To achieve
these dual goals, we propose a Structure-Aware Graph Tokeniza-
tion algorithm, the overall procedure is depicted in Algorithm 1.

3.3.1 Algorithm Overview. Our approach iteratively decomposes
the graph by extracting subgraphs that maximize local edge density,
guided by structural invariants to resolve ambiguities.

The tokenization proceeds in three phases:
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1. Structural Initialization. For every node 𝑣 in the graph 𝐺 , we
precompute its structural features to ensure deterministic tokeniza-
tion. We compute two key metrics:

Weisfeiler-Lehman Hash: To ensure consistent tokenization
across isomorphic graphs, we employ theWeisfeiler-Lehman (WL) [36]
algorithm hash to assign unique signature. For each node 𝑣 ∈ 𝑉 ,
we compute its structural signature ℎ(𝑣) through iterative hash
updates:

ℎ (0) (𝑣) = degree(𝑣), (2)

ℎ (𝑡+1) (𝑣) = hash
(
ℎ (𝑡 ) (𝑣), {{ℎ (𝑡 ) (𝑢) : 𝑢 ∈ N (𝑣)}}

)
, (3)

where N(𝑣) denotes the neighborhood of node 𝑣 , and {{·}} repre-
sents a multiset. After 𝑇 iterations, we obtain the final WL-hash
ℎ(𝑣) = ℎ (𝑇 ) (𝑣) for each node. In this work, we typically perform
5 rounds of WL iterations as a conservative measure. These WL
hashes are subsequently used for graphlet matching and node or-
dering. We adopt 1-WL mainly as a trade-off between reversibility
and computational efficiency. Notably, although in our graph vo-
cabulary 1-WL is enough for distinguishing all graphlets 𝑘 ≤ 5. If
𝑘 > 5, 1-WL may produce identical hashes for structurally distinct
graphs, which would compromise the reversibility. In such cases,
we recommend employ more advanced techniques, such as k-WL.

Clustering Coefficient: To prioritize nodes with high local
connectivity, we compute the clustering coefficient [34] for each
node 𝑣 :

𝐶 (𝑣) = 2 · |{(𝑢,𝑤) ∈ 𝐸 : 𝑢,𝑤 ∈ N (𝑣)}|
|N (𝑣) | · ( |N (𝑣) | − 1) . (4)

It measures the fraction of possible triangles through node 𝑣 that
actually exist in the graph, capturing global subgraph density.

These features remain static or are efficiently updated to ensure
that node selection depends solely on graph topology rather than
arbitrary IDs.

2. Deterministic Subgraph Extraction. As depicted in Algorithm 2,
the graph is decomposed via an iterative "extract-and-remove" pro-
cedure. We initialize the residual graph 𝐺𝑟𝑒𝑠 =𝐺 . In each step, we
identify a subgraph 𝑆 from 𝐺𝑟𝑒𝑠 using a greedy strategy refined by
structural signals:

Start Node Selection: To initiate a new token, we select a node
𝑣𝑠𝑡𝑎𝑟𝑡 that acts as a structural "anchor." To achieve compactness
and determinism, we prioritize nodes with high structural density,
ranking them by the tuple (𝐶 (𝑣), ℎ(𝑣)) in descending order. This
ensures that the decomposition consistently begins at the most
distinctive regions of the graph (e.g., the center of a star or a node
in a clique).

Greedy Expansion: We grow the subgraph 𝑆 by iteratively
adding neighbors from N(𝑣). For each candidate node 𝑢 ∉ 𝑆 , we
define the local subgraph density score:

𝑆density (𝑢) =
∑︁
𝑣∈𝑆

I[(𝑢, 𝑣) ∈ 𝐸], (5)

where I[·] is the indicator function. This score counts the number of
edges connecting𝑢 to the current subgraph 𝑆 . This greedy heuristic
naturally favors dense motifs (e.g., triangles, K4) that encapsulate
more edges per token than paths.

Ranking Crucially, candidates are ranked by the tuple:

Rank(𝑢) =
(
𝑆edge (𝑢),𝐶 (𝑢), ℎ(𝑢)

)
(6)

in descending lexicographic order. When multiple candidates offer
the same score, we break ties using their clustering coefficient
and WL signatures. This step guarantees determinism: identical
structural contexts will always be traversed in the same order,
making the tokenization invariant.

3. Sequence Serialization. Once a subgraph 𝑆 is extracted: 1)
We map 𝑆 to a graph token 𝑡 ∈ V via its canonical WL-hash.
2) The token is then concatnated with Node ID information as
⟨NidB⟩𝑣1NidS . . . 𝑣𝑘 ⟨NidE⟩𝑡 . To ensure completeness and reversibil-
ity, we use the VF2 [5] algorithm to obtain a mapping 𝑉𝐹2 : 𝑆 → 𝑡

from each extracted subgraph to its corresponding token 𝑡 ∈ V ,
and then sort the node IDs according to the order of their original
IDs within the mapped token 𝑡 . This practice can ensure a reversible
canonical internal order. 3) The edges of 𝑆 are removed from 𝐺𝑟𝑒𝑠 .
If the extraction fragments a connected component, we insert a
⟨G_Connect⟩ token to explicitly preserve the global connectivity
information between the extracted subgraph and the remaining
graph.

These processes repeats until 𝐺𝑟𝑒𝑠 is empty. Disconnected com-
ponents are separated by ⟨G_Disconnect⟩ tokens, ensuring the final
sequence can fully reconstructs the topology of 𝐺 .

3.4 Training Strategy
To enable LLMs to effectively reason over graph structures using
our graphlet vocabulary, we propose a three-stage hierarchical
training curriculum that progressively builds the model’s graph
understanding capabilities.

3.4.1 Stage 1: Structural Semantic Pretraining. The newly added
Graph Tokens, in fact, carry no semantic information initially, so a
pretraining process is required to endow them with basic semantics.
The first stage focuses on teaching the LLM fundamental operations
over graph tokens through decomposition and merge tasks. The
core objective is to enable themodel to internalize the compositional
relationships among graphlets, implicitly constructing a semantic
tree of graph tokens within its parameters.

Task Design. We generate training data by systematically enu-
merating all possible decompositions of graphlets in our vocabulary.
For each graphlet token 𝑡 with 𝑘 nodes and𝑚 edges, we identify
all valid binary partitions (𝑡1, 𝑡2) such that:
• Both 𝑡1 and 𝑡2 are connected subgraphs
• 𝑡1 ∪ 𝑡2 = 𝑡 (edge-disjoint union)
• Both 𝑡1 and 𝑡2 exist in the vocabularyV

For each valid partition, we create two types of training samples:
• Decompose: Given 𝑡 , predict the equivalent sequence 𝑡1 + 𝑡2
• Merge: Given 𝑡1 + 𝑡2, predict the equivalent token 𝑡

Training Objective. The model learns to recognize structural
equivalence through the operator ⟨G_Operator_Eq⟩:

𝑡 = 𝑡1 + 𝑡2 =⇒ 𝑡 ⟨G_Operator_Eq⟩𝑡1⟨G_Connect⟩𝑡2 (7)
𝑡1 + 𝑡2 = 𝑡 =⇒ 𝑡1⟨G_Connect⟩𝑡2⟨G_Operator_Eq⟩𝑡 (8)

This pretraining phase establishes the foundational understand-
ing that complex graph structures can be decomposed into simpler
primitives and vice versa, enabling compositional reasoning in later
stages.
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3.4.2 Stage 2: Graph Reasoning Supervised Fine-tuning. Building
upon the structural semantic foundation, the second stage trains
the model on diverse graph reasoning tasks with carefully designed
chain-of-thought (CoT) reasoning paths.

Task Coverage. We construct training data for seven fundamental
graph reasoning tasks spanning different computational complexity
levels. The detailed information are shown in Tabel 1, we will
introduce them in the experiment section.

CoT Design Philosophy. 2 The core idea is to train the model to
identify and reason over key tokens relevant to tasks through
reasoning templates. We illustrate this with the cycle detection
task as an example. Given a graph token sequence, the CoT genera-
tion process identifies all graphlet tokens that form a closed walk
(cycle). For each edge in the detected cycle, we locate the corre-
sponding graphlet token covering that edge, then construct a token
sequence representing the cycle by connecting these tokens with
⟨G_Connect⟩ separators. The reasoning explicitly demonstrates the
structural equivalence: the original graph can be decomposed into
the cycle subgraph and residual components, formally expressed
as𝐺 ⟨G_Operator_Eq⟩𝐺cycle⟨G_Connect⟩𝐺residual, where𝐺cycle rep-
resents the identified cyclic structure. This structured reasoning
process teaches the model to parse task descriptions to identify
relevant structural properties and apply task-specific reasoning
strategies by tracing token sequences, thereby generate explicit,
step-by-step reasoning chains that mirror algorithmic thinking.

3.4.3 Stage 3: Reinforcement Learning for Reasoning Path Explo-
ration. The third stage addresses a critical limitation of supervised
fine-tuning: the reasoning paths learned in Stage 2 tend to be
overly deterministic and may not generalize to diverse problem-
solving strategies. We employ Group Relative Policy Optimization
(GRPO) [27] to encourage the model to explore alternative valid
reasoning paths.

Multi-Component Reward Function. To ensure both correctness
and reasoning validity, we design a composite reward function with
three components:

1. Answer Reward (𝑅answer): Binary reward based on whether
the final answer matches the ground truth:

𝑅answer =

{
𝛼 if answer is correct
0.0 otherwise

, (9)

where we set scaling factor 𝛼 = 1.4 in this paper.
2. Hallucination Penalty (𝑅valid): To suppress hallucinated

graph tokens, we verify that all graphlet tokens used in the rea-
soning process exist in the original input graph. For each graphlet
token 𝑔𝑖 in the model’s output, we check if all its edges are present
in the input graph 𝐺 :

𝑅valid = 𝛽 ·
∑𝑛

𝑖=1 I[edges(𝑔𝑖 ) ⊆ 𝐸 (𝐺)]
𝑛

, (10)

where 𝑛 is the number of graphlet tokens (excluding single-node
tokens) in the reasoning chain, and we set scaling factor 𝛽 = 1.0.
This reward component ranges from 0.0 to 𝛽 and penalizes the
model for inventing non-existent graph structures.
2For training data examples, please refer to Appendix D

3. Reasoning Reward (𝑅reasoning): To prevent the model from
reaching correct answers through invalid reasoning paths, we vali-
date the structural correctness of graph operations. Specifically, we
check whether the graphlet tokens used in reasoning form valid
subgraphs and whether the reasoning steps follow legal graph oper-
ations (e.g., proper use of ⟨G_Connect⟩ and ⟨G_Disconnect⟩ tokens,
and the validity of the structural equivalence expressions). This
component ranges from 0.0 to 𝛾 , and we set scaling factor 𝛾 = 0.6.

Final Reward. The total reward is the sum of all three compo-
nents:

𝑅total = 𝑅answer + 𝑅valid + 𝑅reasoning . (11)
This multi-faceted reward design ensures that the model not only

produces correct answers but also maintains structural validity and
reasoning coherence throughout the inference process.

Training Dynamics. We employ curriculum learning by gradu-
ally increasing task difficulty to stabilize the GRPO training process.
To prevent potential policy collapse, we select the checkpoint with
the highest reward on the training data as the final model. This
stage significantly improves the model’s ability to discover diverse,
valid reasoning strategies while maintaining high accuracy.

4 Experiment
In this section, we conduct comprehensive experiments to analyze
the graph reasoning performance of GraphVulcan.

4.1 Task Descriptions
We evaluate GraphVulcan on seven fundamental graph reasoning
tasks spanning different computational complexity: Polynomial-
time(P), Nondeterministic Polynomial-time(NP) and Nondetermin-
istic Polynomial-time Complete(NP-C). Connectivity (P) Given a
graph𝐺 = (𝑉 , 𝐸) and two nodes 𝑢, 𝑣 ∈ 𝑉 , determine whether there
exists a path connecting 𝑢 and 𝑣 . Cycle Detection (P) Given a
graph 𝐺 = (𝑉 , 𝐸), determine whether 𝐺 contains at least one cycle.
Degree Calculation (P) Given a graph 𝐺 = (𝑉 , 𝐸) and a target
node 𝑣 ∈ 𝑉 , compute the degree of 𝑣 . Shortest Path (P) Given a
graph 𝐺 = (𝑉 , 𝐸) and two nodes 𝑢, 𝑣 ∈ 𝑉 , find the length of the
shortest path between 𝑢 and 𝑣 . Graph Isomorphism (NP) Given
two graphs 𝐺1 = (𝑉1, 𝐸1) and 𝐺2 = (𝑉2, 𝐸2), determine whether
there exists a bijection preserving edge relationships.Maximum
Clique (NP-C) Given a graph 𝐺 = (𝑉 , 𝐸), find the largest com-
plete subgraph where every pair of nodes is connected.Maximum
Common Subgraph (NP-C) Given two graphs 𝐺1 = (𝑉1, 𝐸1) and
𝐺2 = (𝑉2, 𝐸2), find the largest common isomorphic subgraphs.

4.2 Experimental Setup
Training Data Configuration. We evaluate GraphVulcan on seven

fundamental graph reasoning tasks spanning different computa-
tional complexity classes. Table 1 summarizes the training data
configuration for each task, including graph size ranges, dataset
sizes for both SFT and GRPO, random graph generation models, and
test data specifications. For each task, we generate training graphs
using random graph models with carefully chosen parameters to
ensure diverse structural patterns. The Erdos-Renyi [7] model with
𝑝 = 0.3 provides a balanced edge density suitable for most tasks,
while the 𝑛-𝑚 random graph [7] model with𝑚 = 𝑛 − 1 for cycle
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Table 1: Training Data Configuration for Seven Graph Reasoning Tasks

Task Complexity Training
Nodes

SFT
Samples

GRPO
Samples

Random Graph
Model

Graph
Parameters

Test Nodes
(Easy)

Test Nodes
(Hard)

Connectivity Polynomial 11-50 20,000 10,000 Erdos-Renyi 𝑝 = 0.3 11-30 31-50
Cycle Detection Polynomial 11-50 20,000 10,000 𝑛-𝑚 Random 𝑚 = 𝑛 − 1 11-30 31-50
Degree Polynomial 11-50 26,200 10,000 Erdos-Renyi 𝑝 = 0.3 11-30 31-50
Shortest Path Polynomial 11-50 20,000 10,000 Erdos-Renyi 𝑝 = 0.3 11-30 31-50
Isomorphism NP 6-12 20,000 10,000 Erdos-Renyi 𝑝 = 0.3 6-10 11-15
Max Clique NP-Complete 5-10 20,000 10,000 Erdos-Renyi 𝑝 = 0.3 5-7 8-10
Max Common Subgraph NP-Complete 5-10 20,000 10,000 Erdos-Renyi 𝑝 = 0.3 5-7 8-10

Figure 4: Inference time (per sample) comparison of
GraphVulcan against other encoding methods, using Qwen3-
8B as the base model, with the y-axis shown on a log scale.

detection ensures cyclic and acyclic graphs have same number of
edges. Training node ranges are selected based on task complexity:
polynomial-time tasks (connectivity, cycle detection, degree, short-
est path) use larger graphs (11-50 nodes), while NP-complete tasks
(max clique, max common subgraph) and NP tasks (isomorphism)
use smaller graphs (5-10 and 6-15 nodes respectively) due to higher
difficulty. Test data is split into "Easy" and "Hard" categories based
on graph size to evaluate model performance across different diffi-
culty levels. All test sets contain 300 samples, split into 3 subsets of
100 each; we report the mean and standard deviation over 3 runs.

Baseline Models and Encoding Methods. We compare GraphVul-
can against three open-source LLMs: Qwen3-8B [38], LLaMa3.1-
8B [6], and Deepseek-R1-Distill-Qwen-7B [9], as well as the
advanced closed-source model GPT-4o [13], in which Qwen3-8B
serves as the base model of GraphVulcan. These models represent
diverse architectural designs and training paradigms, providing a
comprehensive evaluation landscape. For graph encoding, in addi-
tion to our GraphVulcan’s graph vocabulary encoding, we employ
two first-order representations as baselines: Edge List encoding,
which serializes graphs as sequences of node pairs (𝑢, 𝑣) repre-
senting edges, this encoding method is widely used in previous
studies [8, 31, 43], and Incident encoding, which represents each

node followed by its adjacent neighbors in the format "Node 1 is
connected with Node 2, 3, 4", it achieves best overall performence
as reported by GraphQA [8] benchmark. All baseline models are
evaluated using these two encoding methods to ensure fair com-
parison with GraphVulcan’s GraphVocab encoding. We run each
experiment 3 times and record the mean accuracy correspond with
its standard deviation.

Hyperparameters and Hardware. All trainings are conducted us-
ing DeepSpeed ZeRO-2 and ZeRO-3 [25] for distributed training
optimization. For the Stage 1, we train for 3 epochs with a learn-
ing rate of 5 × 10−5, For the Stage 2, we train for 1 epoch with a
learning rate of 5 × 10−5. Both stages employ a cosine learning rate
scheduler with 3% warmup steps. For the GRPO stage, we use a
learning rate of 5 × 10−6 and train for 1 epoch, with a KL penalty
coefficient of 0.03 to prevent the policy from deviating too far from
the reference model. All training is performed on 8×NVIDIA H20-
141GB GPUs with bfloat16 precision. We use 1×NVIDIA L20 GPU
for inference, and we limit maximum generation length of 8192
tokens. The temperature is set to 0.7. Batch size is set to 10.

4.3 Main Results
Table 2 presents comprehensive experimental results across seven
graph reasoning tasks, comparing GraphVulcan against baseline
LLMs using first-order encodings (Edge List and Incident). The
results reveal several key findings:

Consistent superiority across most tasks. GraphVulcan out-
performs all baseline methods across most tasks. For polynomial-
time tasks, GraphVulcan achieves near-perfect accuracy on most
test cases. Specifically, on Connectivity (Easy), GraphVulcan-GRPO
achieves 100.00% accuracy compared to the best baseline (Qwen3-
8B with Incident encoding) at 98.33%. On Cycle Detection, both
GraphVulcan-SFT and GraphVulcan-GRPO achieve 100.00% accu-
racy on Easy cases, while the best baseline reaches only 93.67%.
However, we also observed that on the shortest path length task,
while GraphVulcan-GRPO achieving the second-best performance
and outperforming all EdgeList-based encoding baselines—still fell
short of the Qwen3-8B + Incident encoding. We hypothesize this
is due to the intrinsic nature of the shortest path task: it requires
exhaustive traversal of all edges to enumerate all possible paths
and identify the shortest one. In contrast, GraphVulcan’s training
data encourages the model to reach conclusions in as few reason-
ing steps as possible—a strategy that reduces inference time but
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Table 2: Experimental Results on 7 Graph Reasoning Tasks (3 Runs).

Model LLaMa3.1-8B Deepseek-R1-Distill-Qwen-7B GPT-4o Qwen3-8B

Task Difficulty Edge List Incident Edge List Incident Edge List Incident Edge List Incident GraphVulcan
(SFT)

GraphVulcan
(GRPO)

Connectivity Easy 58.33 ± 4.93% 63.00 ± 2.00% 69.33 ± 4.16% 86.00 ± 3.00% 95.00 ± 1.00% 97.00 ± 1.00% 95.33 ± 2.31% 98.33 ± 1.15% 99.67 ± 0.57% 100.00 ± 0.00%
Hard 53.67 ± 0.57% 58.33 ± 1.53% 60.33 ± 4.73% 72.33 ± 1.53% 88.67 ± 3.79% 94.00 ± 1.00% 73.00 ± 1.73% 86.33 ± 3.79% 100.00 ± 0.00% 100.00 ± 0.00%

Cycle Detection Easy 57.00 ± 3.61% 51.67 ± 6.43% 66.33 ± 2.52% 80.33 ± 6.66% 67.33 ± 3.51% 68.67 ± 4.04% 93.00 ± 3.00% 93.67 ± 1.53% 100.00 ± 0.00% 100.00 ± 0.00%
Hard 53.33 ± 7.37% 55.67 ± 2.08% 56.67 ± 6.43% 73.67 ± 3.51% 56.00 ± 2.00% 58.67 ± 2.08% 82.67 ± 1.53% 93.00 ± 1.73% 99.67 ± 0.57% 100.00 ± 0.00%

Degree Easy 42.33 ± 2.52% 57.33 ± 4.04% 60.33 ± 6.81% 71.67 ± 7.57% 67.00 ± 5.29% 91.33 ± 3.79% 94.00 ± 2.65% 98.67 ± 1.53% 99.67 ± 0.57% 100.00 ± 0.00%
Hard 7.67 ± 0.57% 23.33 ± 6.43% 13.33 ± 4.16% 59.67 ± 2.52% 31.00 ± 3.46% 82.67 ± 4.16% 55.33 ± 4.51% 94.33 ± 1.53% 97.33 ± 2.08% 91.67 ± 4.04%

Shortest Path Easy 21.67 ± 2.08% 40.67 ± 4.73% 59.67 ± 6.43% 85.00 ± 5.20% 57.00 ± 6.56% 62.33 ± 2.31% 88.00 ± 3.00% 100.00 ± 0.00% 86.00 ± 1.73% 93.00 ± 2.65%
Hard 8.67 ± 4.16% 34.00 ± 4.58% 57.67 ± 6.43% 82.00 ± 3.46% 33.00 ± 2.00% 44.00 ± 5.57% 80.00 ± 3.61% 98.33 ± 0.57% 73.67 ± 4.93% 89.67 ± 4.04%

Isomorphism Easy 49.44 ± 1.52% 48.48 ± 3.62% 53.00 ± 1.73% 67.00 ± 3.61% 70.49 ± 0.95% 70.84 ± 3.16% 67.67 ± 2.52% 84.33 ± 0.57% 98.67 ± 0.57% 89.00 ± 5.57%
Hard 52.67 ± 1.88% 49.89 ± 3.94% 51.00 ± 1.00% 58.67 ± 2.31% 54.54 ± 2.17% 61.03 ± 4.60% 54.33 ± 1.53% 81.33 ± 2.08% 97.33 ± 1.15% 85.33 ± 3.05%

Max Clique Easy 9.67 ± 1.15% 10.33 ± 1.53% 64.67 ± 3.79% 65.67 ± 5.51% 75.33 ± 8.96% 67.00 ± 3.00% 91.67 ± 0.57% 92.33 ± 1.53% 99.67 ± 0.57% 99.33 ± 0.57%
Hard 3.00 ± 2.00% 5.67 ± 2.52% 30.33 ± 4.51% 38.67 ± 6.11% 52.33 ± 7.77% 51.67 ± 3.05% 71.00 ± 5.00% 65.67 ± 3.21% 95.67 ± 3.21% 98.67 ± 0.57%

Max Common Subgraph Easy 0.33 ± 0.57% 0.33 ± 0.57% 11.33 ± 6.35% 16.67 ± 2.31% 2.33 ± 1.53% 8.67 ± 2.08% 12.00 ± 3.61% 22.00 ± 1.73% 61.00 ± 3.46% 63.33 ± 2.08%
Hard 0.00 ± 0.00% 0.00 ± 0.00% 0.67 ± 0.57% 0.67 ± 0.57% 0.00 ± 0.00% 0.33 ± 0.57% 0.00 ± 0.00% 1.00 ± 1.73% 6.00 ± 3.00% 4.33 ± 4.04%

Average 29.84% 35.62% 46.76% 61.29% 53.57% 61.30% 68.43% 79.24% 86.74% 86.74%

inherently limits exhaustive enumeration, potentially leading to
suboptimal solutions. We will address this limitation in future work.

Improvements on complex tasks. The performance gap be-
comes even more pronounced on NP and NP-Complete tasks. For
Graph Isomorphism (Hard), GraphVulcan-SFT achieves 97.33% ac-
curacy, significantly outperforming the best baseline (Qwen3-8B
with Incident) at 81.33%. OnMaximum Clique (Hard), GraphVulcan-
GRPO reaches 98.67% accuracy compared to the best baseline’s
71.00%. Most strikingly, on Maximum Common Subgraph (Easy),
GraphVulcan-GRPO achieves 63.33% accuracy while the best base-
line only achieves 22.00%, on Maximum Common Subgraph (Hard),
GraphVulcan-SFT achieves a 6.00% accuracywhile all baselinemeth-
ods fail completely (≤1.00%), demonstrating that GraphVulcan en-
coding achieve higher structural expressiveness.

SFT training is enough formost cases.We compare GraphVulcan-
SFT and GraphVulcan-GRPO in Table 2. For most tasks (Connectiv-
ity, Cycle Detection, Degree, Max Clique, Max Common Subgraph),
both SFT and GRPO variants achieve comparable accuracy, suggest-
ing that supervised fine-tuning alone is sufficient for most graph
reasoning tasks. The structured nature of graphlet tokens and the
clear reasoning paths in CoT training data enable the model to learn
effective strategies through supervised learning. We also noticed
that GRPO demonstrates clear advantage on Shortest Path task,
GRPO achieves 89.67% compared to SFT’s 73.67%. On Isomorphism,
GRPO show lower accuracy on compared wiht SFT. These results
suggest that while reinforcement learning helps the model discover
diverse reasoning strategies in some cases, GraphVulcan-SFT al-
ready provides a strong foundation for graph reasoning.

5 Computational Efficiency
Figure 4 presents inference time per sample across all tasks, we use
identical inference device and parameter to ensure fair comparison.
GraphVulcan demonstrates exponential computational efficiency
compared to baseline methods, with inference times typically 5-
50× faster. For Connectivity (Easy), GraphVulcan requires only 0.98
seconds per sample compared to 48.22 seconds for the best baseline
(Qwen3-8B with Incident), representing a 49× speedup. On Cycle

Figure 5: Token consumption comparasion across different
graph encoding methods. For each data point, we report
the average token consumption over 10 randomly generated
Erdős–Rényi graphs with p=0.3.

Detection (Hard), GraphVulcan is 61× faster than Incident. Interest-
ingly, GraphVulcan maintains efficiency even on complex tasks. On
Maximum Common Subgraph (Hard), GraphVulcan-SFT requires
only 2.94 seconds compared to 125.81 seconds for the baseline,
which is a 43× speedup. This dramatic efficiency gain stems from
two key factors: (1) Training strategy: The CoT reasoning path
in stage 2 training data encourages the model to quickly identify,
decompose, or merge task-relevant key tokens and directly gener-
ate answers based on them. (2) Semantic density: Each graphlet
token encodes rich structural information, enabling the model to
perform reasoning with fewer operations.

6 Token Usage Comparation
To analyze the extent to which GraphVulcan can enhance the in-
formation density of graph tokens, we conduct a controlled ex-
periment comparing token consumption on across three encoding
methods: EdgeList, Incident, and GraphVocab. We generate random
Erdős-Rényi graphs with varying node counts with edge probability
𝑝 = 0.3, then measure the actual token count after encoding with
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Table 3: Graph classification accuracy (%) on real-world TU-
Dataset benchmarks. All methods use Qwen3-8B with identi-
cal SFT training. Results are 5-fold cross-validation (mean ±
std). Best results in bold.

Dataset Edge List Incident GraphVulcan

IMDB-BINARY 48.40 ± 2.89 49.90 ± 1.77 59.70 ± 2.93
IMDB-MULTI 36.80 ± 1.20 34.73 ± 1.62 40.80 ± 2.58
REDDIT-BINARY 52.55 ± 1.53 49.55 ± 1.96 65.15 ± 3.36

Average 45.92 44.73 55.22

the Qwen3-8B tokenizer. For each node count, we average results
over 10 randomly generated graphs to ensure statistical reliability.

Figure 5 presents the token consumption comparison. The re-
sults demonstrate that GraphVocab achieves a stable compression
ratio of approximately 2× compared to EdgeList across all graph
sizes. Specifically, for 10-node graphs, GraphVocab requires only
47.1 tokens versus EdgeList’s 102.5 tokens. This advantage scales
consistently: at 50 nodes, GraphVocab uses 1138.3 tokens compared
to EdgeList’s 2650.1 tokens, maintaining the 2.3× compression ratio.
The compression stems from the greedy tokenization strategy and
graphlets’ ability to encode𝑂 (𝑘2) edges in a single token. A 5-clique
containing 10 edges is represented by one ⟨G5_21⟩ token sequence,
while EdgeList requires 10 separate edge token sequences. This
information density directly translates to reduced sequence length,
which quadratically improves Transformer attention efficiency.

7 Preliminary Results on Real-World Graphs
To validate whether graphlet-based tokenization generalizes be-
yond synthetic graphs, we conduct preliminary experiments on real-
world graph classification benchmarks from the TUDataset [20].We
select three social network datasets: IMDB-BINARY, IMDB-MULTI,
and REDDIT-BINARY, whose average node counts are 19.77, 13.00,
and 429.63, respectively. These datasets exhibit diverse structural
characteristics representative of real-world graph distributions.

We also compare GraphVulcan against two first-order encoding
baselines Edge List and Incident. For the baselines, we use Qwen3-
8B as the base model; for GraphVulcan, we use GraphVulcan-
GRPO. All models are trained with identical SFT procedures and
hyperparameters. We perform standard 5-fold cross-validation and
report mean accuracy with standard deviation. As shown in Ta-
ble 3, GraphVulcan consistently outperforms both first-order en-
coding baselines across all datasets, achieving an average accu-
racy of 55.22%, surpassing Edge List by +9.30% and Incident by
+10.49%. The improvement is pronounced on larger dataset REDDIT-
BINARY, whose GraphVulcan achieves 65.15% compared to Edge
List’s 52.55%. Although the above results are not better than GNNs
according to the reports in [37], these results demonstrate the ad-
vantages of graphlet tokenization.

Why graphlet tokens works. We analyze per-graph graphlet
token frequencies on both datasets (Figure 6). Two key findings
emerge: (1) Intra-domain differences: different graph classes exhibit
distinct graphlet frequency signatures. On IMDB-BINARY, Class 1
graphs average 5.21 occurrences of ⟨G5_21⟩ (5-clique) per graph
versus 4.06 in Class 0 graphs. On REDDIT-BINARY, the divergence
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Figure 6: Graph Token Frequency (top 50%) of different graph
type in IMDB-Binary and Reddit-Binary.

is more dramatic: Class 1 graphs average 91.8 occurrences of ⟨G5_1⟩
(5-node star) per graph—more than double the 25.4 in Class 0 graphs.
(2) Inter-domain differences: different graph domains exhibit funda-
mentally different dominant motifs. IMDB graphs are dominated
by dense graphlets (⟨G5_21⟩), reflecting densely connected actor
collaboration networks. REDDIT graphs are dominated by sparse,
tree-like graphlets (⟨G5_1⟩, ⟨G2_edge⟩), reflecting the hierarchical
reply structures of online discussions. Both findings confirm that
graphlet tokens provide directly observable, discriminative features
at the token level. An LLM can exploit semantic differences in its
input token sequence without needing to reconstruct higher-order
patterns from raw edges.

8 Conclusion
In this paper, we introduce GraphVulcan, a novel framework that
bridges the gap between graph-structured data and Large Language
Models through reversible, discrete and semantic-rich graph tok-
enization. Our core innovation lies in treating graphlets as the
atomic units of graph encoding, thereby achieve next-graph token
prediction. This graphlet-based vocabulary enables exponential
information compression while maintaining complete structural
fidelity through lossless, reversible tokenization. Limitations: We
also acknowledge certain limitations in our work, especially in-
sufficient exploration of real-world graph data of diverse domains.
Nevertheless, our work represents a meaningful attempt, estab-
lishes that structure-aware discrete tokenization is a foundational
paradigm shift toward general-purpose graph-language model. Fu-
ture work includes designing a graph foundation model based on
a graph vocabulary that encompass local structural patterns from
diverse domains, enabling a single pre-trained Graph Foundation
Model to handle a wide range of graph tasks.
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A On the Purpose of Designing GraphVulcan
A natural question is why an LLM should solve classical graph reasoning tasks by directly reading graph structures rather than simply
invoking external graph algorithms. Indeed, for many of the tasks considered in this paper, mature and efficient algorithmic solvers already
exist, and tool calling is often the simplest practical solution. However, replacing classical graph algorithms is not the goal of GraphVulcan.
Instead, we use these tasks as controlled testbeds with clear supervision signals to investigate a more fundamental question: whether graphs
can be represented as discrete, reversible, and semantically meaningful graphlet-token sequences that are compatible with the next-token
prediction paradigm of LLMs, in a manner analogous to natural language. From this perspective, GraphVulcan should be viewed as an early
proof-of-concept rather than an out-of-the-box downstream system. Its value lies in validating the feasibility of a graph language based on
graphlets, showing that LLMs can compose, interpret, and reason over graph structures in token space. We hope future work will extend this
paradigm to concrete domains and develop general-purpose graph foundation models capable of structural reasoning.

B Graph Vocabulary
We present full graph vocabulary with all 30 non-isomorphic graphlets with node count 2 ≤ 𝑘 ≤ 5.

Figure 7: Graph vocabulary containing all 30 non-isomorphic graphlets with node count 2 ≤ 𝑘 ≤ 5.

C Algorithm

Algorithm 1: Structure-Aware Graph Tokenization

Require: Graph𝐺 = (𝑉 , 𝐸 ) , maximum graphlet size 𝑘max , Graph Vocabulary V
Ensure: Token sequence T = {𝑡1, 𝑡2, . . . , 𝑡𝑛 }
1: T ← ∅ ⊲ Initialize empty token sequence
2: C ← ConnectedComponents(𝐺 )
3: for each component𝐺𝑐 ∈ C do
4: 𝐺rem ← 𝐺𝑐 ⊲ Initialize remaining graph
5: Step 1: Decompose into Graphlets
6: while 𝐸 (𝐺rem ) ≠ ∅ do
7: 𝑉sub ← GreedyExpansion(𝐺rem, 𝑘max ) ⊲ Algorithm 2
8: 𝐺sub ← 𝐺rem [𝑉sub ] ⊲ Induced subgraph
9: Step 2: Match to Vocabulary
10: ℎWL ← WeisfeilerLehmanHash(𝐺sub )
11: 𝑔token ← VocabularyLookup(ℎWL )
12: T ← T ∪ {𝑔token } ⊲ Add graphlet token
13: Step 3: Update Remaining Graph
14: 𝐺rem ← 𝐺rem \ 𝐸 (𝐺sub ) ⊲ Remove matched edges
15: if 𝐸 (𝐺rem ) ≠ ∅ then
16: T ← T ∪ {⟨G_Connect⟩} ⊲ Add separator token
17: end if
18: end while
19: T ← T ∪ {⟨G_Disconnect⟩} ⊲ Component separator
20: end for
21: return T

Algorithm 2: GreedyExpansion

Require: Remaining graph𝐺rem = (𝑉 , 𝐸 ) , maximum size 𝑘max
Ensure: Subgraph node set𝑉sub ⊆ 𝑉
1: Step 1: Compute Node Signatures
2: 𝜎 ← WeisfeilerLehmanColors(𝐺rem ) ⊲WL node colors
3: 𝑐 ← ClusteringCoefficient(𝐺rem ) ⊲ Local clustering
4: Step 2: Select Seed Node
5: 𝑣seed ← argmax𝑣∈𝑉 (𝑐 (𝑣), 𝜎 (𝑣) )
6: 𝑉sub ← {𝑣seed }
7: Step 3: Greedy Expansion
8: while |𝑉sub | < 𝑘max do
9: 𝑉cand ← N𝐺rem (𝑉sub ) \𝑉sub ⊲ Neighbor candidates
10: if 𝑉cand = ∅ then
11: break ⊲ No more neighbors to add
12: end if
13: Step 4: Score Candidates
14: for each𝑢 ∈ 𝑉cand do
15: 𝑠density (𝑢 ) ← | { (𝑢, 𝑣) ∈ 𝐸 : 𝑣 ∈ 𝑉sub } | ⊲ Density score
16: end for
17: Step 5: Select Best Candidate
18: 𝑢∗ ← argmax𝑢∈𝑉cand (𝑠edge (𝑢 ), 𝑐 (𝑢 ), 𝜎 (𝑢 ) )
19: 𝑉sub ← 𝑉sub ∪ {𝑢∗ }
20: end while
21: return𝑉sub

D Training Data Examples
Tables 4 present representative examples of user messages and assistant responses for all seven graph reasoning tasks evaluated in our
experiments. These examples demonstrate the input-output format used during training and evaluation, where graphs are encoded using
our GraphVocab representation and the model generates step-by-step reasoning chains followed by final answers.
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Table 4: Training Data Examples from Graph Reasoning Tasks

Task User Message Assistant Response

Connectivity

Given the following graph: <NidB>696<NidS>1<NidS>71<NidS>3<NidS>68<NidE>
<G5_10><G_Connect><NidB>92<NidS>87<NidS>88<NidS>945<NidS>71<NidE>
<G5_17><G_Connect><NidB>3<NidS>92<NidE><G2_edge><G_Connect><NidB>
46<NidS>87<NidE><G2_edge><G_Connect><NidB>1<NidS>88<NidS>464<NidS>
945<NidE><G4_path><G_Disconnect>. Is node 464 and node 1 in a same connected
component? Use yes or no to answer.

<think> Node 464 is in the graph token: <NidB>1<NidS>88<NidS>464<NidS>
945<NidE><G4_path>. The graph token sequence only has one
‘<G_Disconnect>‘ at the end, so every token belongs to the same connected
component. Therefore all nodes, including 464 and 1, share the same
component. So the answer is Yes. </think> The answer is Yes.

Cycle Detection

Given the following graph: <NidB>24<NidE><G1><G_Disconnect><NidB>204<NidS>
4<NidS>43<NidS>88<NidS>0<NidE><G5_6><G_Connect><NidB>88<NidS>
573<NidS>3<NidS>0<NidS>73<NidE><G5_3><G_Connect><NidB>43<NidS>
69<NidE><G2_edge><G_Disconnect><NidB>5<NidE><G1><G_Disconnect>. Does the
graph contain a cycle? Use Yes or No as the final answer.

<think> <NidB>204<NidS>4<NidS>43<NidS>88<NidS>0<NidE><G5_6>
<G_Operator_Eq><NidB>4<NidS>43<NidS>204<NidE><G3_triangle>
<G_Connect><NidB>204<NidS>88<NidS>0<NidE><G3_path>. <NidB>
4<NidS>43<NidS>204<NidE><G3_triangle>is a cycle visiting nodes 4 ->43 ->
204 ->4. So this graph has a cycle. </think> The answer is Yes.

Degree

Given the following graph: <NidB>83<NidS>2<NidS>1<NidS>79<NidS>19<NidE>
<G5_12><G_Connect><NidB>79<NidS>213<NidS>97<NidS>942<NidS>19<NidE>
<G5_12><G_Connect><NidB>942<NidS>6<NidS>18<NidS>2<NidS>83<NidE><G5_3>
<G_Connect><NidB>6<NidS>213<NidE><G2_edge><G_Disconnect><NidB>
337<NidE><G1><G_Disconnect>. What is the degree of node 79 in this graph? Your
answer should be in the format: ’The degree of node 79 is X.’

<think> I need to calculate the degree of node 79 in the entire graph. First, I will
search through the graph token sequence for all graph tokens that contain node
79. These graph tokens are: <NidB>83<NidS>2<NidS>1<NidS>79<NidS>
19<NidE><G5_12><NidB>79<NidS>213<NidS>97<NidS>942<NidS>19<NidE>
<G5_12>. In subgraph <NidB>83<NidS>2<NidS>1<NidS>79<NidS>19<NidE>
<G5_12>, the degree of node 79 is 2. In subgraph <NidB>79<NidS>213<NidS>
97<NidS>942<NidS>19<NidE><G5_12>, the degree of node 79 is 3. obtaining
several local degrees. Then, by summing up all these local degrees, I obtain the
total degree of node 79 in the entire graph. After calculation, the sum is 5. The
degree of node 79 is 5. </think> The degree of node 79 is 5.

Shortest Path

Given the following graph: <NidB>0<NidS>764<NidS>972<NidS>940<NidS>437<NidE>
<G5_17><G_Connect><NidB>5<NidS>375<NidS>95<NidS>940<NidS>1<NidE>
<G5_17><G_Connect><NidB>67<NidS>5<NidE><G2_edge><G_Connect><NidB>
841<NidS>1<NidS>95<NidS>0<NidS>437<NidE><G5_2><G_Disconnect>. What is the
shortest path length between node 95 and node 764? Your answer should be in the
format: ’The shortest path length between node 95 and node 764 is X.’

<think> Both nodes are in the same component because ‘<G_Disconnect>‘ does
not separate them. I will compute the shortest path between node 95 and node
764 by checking all possible shortest paths. <NidB>5<NidS>375<NidS>95<NidS>
940<NidS>1<NidE><G5_17><G_Operator_Eq><NidB>940<NidS>5<NidS>
95<NidE><G3_path>. . . , and <NidB>940<NidS>5<NidS>95<NidE><G3_path>is
a path between nodes 95 and 940, the distance is 2. <NidB>0<NidS>764<NidS>
972<NidS>940<NidS>437<NidE><G5_17><G_Operator_Eq><NidB>
940<NidS>764<NidE><G2_edge>. . . , and <NidB>940<NidS>764<NidE>
<G2_edge>is a path between nodes 940 and 764, the distance is 1. All these
segments form the path 1: 95 ->5 ->940 ->764. The total distance for this path is
3. But wait, I found another possible path, let’s check that next. ........ I think
there’s no more paths to check. After checking all 3 path(s), the shortest path
length is: 3. Therefore, the shortest path length between node 95 and node 764
is 3. </think> The shortest path length between node 95 and node 764 is 3.

Isomorphism

Given the following two graphs: G1: <NidB>4<NidS>416<NidS>739<NidS>83<NidS>
41<NidE><G5_17><G_Connect><NidB>460<NidS>41<NidS>739<NidS>83<NidE>
<G4_star><G_Disconnect>and G2: <NidB>8<NidS>15<NidS>7<NidS>262<NidS>
4<NidE><G5_17><G_Connect><NidB>6<NidS>7<NidS>4<NidS>262<NidE><G4_star>
<G_Disconnect>. Are the two graphs isomorphic? Use Yes or No to answer.

<think> To determine if the two graphs are isomorphic, we can follow these
steps: <NidB>4<NidS>416<NidS>739<NidS>83<NidS>41<NidE><G5_17>
matches with <NidB>8<NidS>15<NidS>262<NidS>7<NidS>4<NidE><G5_17>.
<NidB>460<NidS>739<NidS>83<NidS>41<NidE><G4_star>matches with
<NidB>6<NidS>7<NidS>4<NidS>262<NidE><G4_star>. All components
successfully matched, therefore they are isomorphic. </think> The answer is
Yes.

Max Clique

You are required to solve the Maximum Clique problem. Your goal is to identify the
largest complete subgraph (clique) in the given graph. You are given the following graph:
<NidB>876<NidS>131<NidS>676<NidS>918<NidS>7<NidE><G5_1><G_Disconnect>
Provide the indices of the nodes in the maximum clique in the following format: The
maximum clique is: [Node indices]. For example, if the maximum clique consists of
nodes 1, 3, 5, you should answer: The maximum clique is: [1, 3, 5].

<think> To find the Maximum Clique, we can decompose graph tokens as
follows: <NidB>876<NidS>131<NidS>676<NidS>918<NidS>7<NidE><G5_1>
<G_Operator_Eq><NidB>131<NidS>876<NidE><G2_edge><G_Connect>
<NidB>876<NidS>676<NidS>918<NidS>7<NidE><G4_star>. No more tokens
can be further decomposed to form a maximum clique. We can see that the
maximum clique is formed by the following token sequence: <NidB>131<NidS>
876<NidE><G2_edge> Thus, the maximum clique consists of nodes: [131, 876].
</think> The maximum clique is: [131, 876]

Max Common Subgraph

You are required to solve the Maximum Common Subgraph problem. Your goal is to
identify the common subgraph with the maximum number of nodes shared between the
two graphs. You are given the following two graphs: Graph A: <NidB>471<NidS>
3<NidS>393<NidS>2<NidS>419<NidE><G5_5><G_Connect><NidB>96<NidS>
393<NidE><G2_edge><G_Connect><NidB>2<NidS>65<NidS>419<NidE><G3_path>
<G_Disconnect> Graph B: <NidB>296<NidS>316<NidS>5<NidS>517<NidS>4<NidE>
<G5_6><G_Connect><NidB>141<NidS>316<NidE><G2_edge><G_Disconnect> Provide
the indices of the nodes in the common subgraph for each graph in the following format:
Graph A: [Node indices in graph A], Graph B: [Node indices in graph B]. For example, if
the common subgraph is the subgraph of node 1, 2, 3 in graph A and the subgraph of
node 2, 3, 4 in graph B, you should answer: Graph A: [1, 2, 3], Graph B: [2, 3, 4].

<think> To find the Maximum Common Subgraph (MCS) between the two
graphs, we can decompose and match graph tokens as follows: <NidB>3<NidS>
471<NidS>393<NidS>419<NidS>2<NidE><G5_5><G_Operator_Eq><NidB>
393<NidS>471<NidS>3<NidS>2<NidE><G4_paw>. . . . <NidB>2<NidS>65<NidS>
419<NidE><G3_path><G_Operator_Eq><NidB>2<NidS>65<NidE><G2_edge>
. . . . The decomposed tokens can be recomposed as <NidB>471<NidS>3<NidS>
393<NidS>2<NidS>65<NidE><G5_6>. <NidB>471<NidS>3<NidS>393<NidS>
2<NidS>65<NidE><G5_6>matches with <NidB>296<NidS>316<NidS>5<NidS>
517<NidS>4<NidE><G5_6>. <NidB>96<NidS>393<NidE><G2_edge>matches
with <NidB>141<NidS>316<NidE><G2_edge>. The remaining graph <NidB>
3<NidS>419<NidE><G2_edge>, <NidB>65<NidS>419<NidE><G2_edge>could
not be matched. Thus the maximum common subgraph maps nodes [2, 3, 65, 96,
393, 471] in Graph A to nodes [4, 5, 141, 296, 316, 517] in Graph B. </think>
Graph A: [2, 3, 65, 96, 393, 471], Graph B: [4, 5, 141, 296, 316, 517]
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