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Enhancing Graph Condensation via Key
Information Reconstruction
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Abstract—Graph data mining techniques in real-world sce-
narios often encounter significant computational challenges, es-
pecially when the graph contains a large number of nodes and
edges. Recently, Graph Condensation (GC) has emerged to offer
data-centric solutions that address the challenge of graph volume,
enhancing the efficiency of graph data mining and storage.
Current methods in GC rely solely on optimizing heuristic
metrics of one-way maintenance of key information in the
condensed graph. However, the maintenance of key information
may be insufficient due to the significant condensation ratio,
yet these methods lack an effective mechanism to verify and
compensate for that. To this end, this paper aims to enhance
the maintenance of key information through a reconstruction-
based alignment mechanism. More specifically, inspired by the
Kolmogorov Complexity, we revisit the theoretical foundations
of GC and propose a way-back mechanism that introduces a
feedback loop of learning to reconstruct the original graph from
the condensed graph, with the objective of key information align-
ment, namely the WbGC. We modify several GC methods with
our mechanism, and the experiments show that our approach
provides an enhanced solution for GC. Code is available at
https://anonymous.4open.science/r/WbhGC-1842,

Index Terms—Graph condensation, data-centric AI, graph
neural network.

I. INTRODUCTION

NFORMATION and patterns in biological systems []1],

social networks [2], recommendation systems [3]] and many
other scenarios have been modeled as nodes and edges within
a graph, and significant progress has been made in the de-
velopment of techniques for mining knowledge from them.
Graph data mining, particularly with the integration of Graph
Neural Networks (GNNs) [4], is inherently complex due to
the vast volume of real-world graphs, which typically consist
of an enormous number of nodes and edges. Various model-
centric efforts have been made to tackle this challenge, such
as developing efficient architectures [5] and improving the
efficiency of graph data mining pipelines [6]. Recently, Graph
Condensation (GC) [7]-[9] has been emerging as a data-
centric solution that focuses on reducing the volume of graph-
structured data itself. The motivation of GC is to compress
large-scale graphs into smaller yet informative condensed
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Fig. 1. Illustration of the proposed framework: an enhancement to existing GC
methods that leverages a reconstruction mechanism to improve the alignment
of key information. indicates that the corresponding module or data is
fixed, while ¢ signifies that it will be updated during the learning process.

graphs, such that models trained on these condensed graphs
achieve comparable performance to those trained on the orig-
inal graphs for specific graph data mining tasks.

As illustrated in fig. [T} existing GC methods [10]-[17]
employ a key information maintenance architecture, where a
shared relay model [8]] is used to extract key information from
both graphs. Subsequently, the condensed graph is updated
by matching the extracted key information between the two
graphs. Recent advances in GC have extensively explored
the design of the relay model, focusing on defining and
extracting key information within a graph. Specifically, some
methods align the spectral and spatial properties of the original
and condensed graphs by matching features such as Lapla-
cian energy distributions [[13]], eigenvalues and corresponding
eigenvectors [[18]], node spectral embedding and distributions
[19], [20]], topological structures [21], and other statistical
metrics; another group of methods directly preserves the per-
formance of models trained on the original graph by aligning
their parameters (trajectories) [14]], [22], training gradients
[10], [17], [23]l, intermediate representation and output logits
[19]], [24], etc., with the models trained on the condensed
graph. However, in these GC methods, since the extracted
key information from the original graph is not updated, this
process can essentially be interpreted as one-way maintenance
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of the extracted information in the condensed graph, with no
mechanism to explicitly verify the condensed graph against
the original. Thus we raise a question: Can they ensure the
sufficient maintenance of key information?

To answer this question, we evaluate several state-of-the-art
GC methods on benchmark datasets, specifically by training
models on the condensed graph using the same protocol as
the original. Experimental evidence, which aligns well with
the result reported in recent benchmark studies [25]—[27]], indi-
cates that there exist performance gaps between the condensed
graph and the original. For instance, the performance of the
node classification model trained on the condensed graphs
can be consistently inferior to that of models trained on the
original graph, especially on large benchmark datasets like
Ogbn-Arxiv. Meanwhile, take one of the SOTA methods SFGC
[14] as an example, the key information it aims to maintain in
the condensed graph, i.e. the training trajectories of a model,
is theoretically sufficient to perfectly reproduce an identically
parameterized model. Therefore, the observed performance
gap suggests that current GC methods may fail to sufficiently
preserve all the key information within the condensed graph,
yet no mechanism was provided to effectively address the
potential loss of key information within the condensed graph.

From the perspective of information compression, sufficient
maintenance of information indicates a lossless compression
[28], which inherently requires the ability to recover the
original graph data from its condensed ones. Therefore, similar
to the structure of Autoencoders, a decoder structure to recover
the original information from the condensed graphs, is needed
to ensure the sufficiency of key information in the condensed
graphs. However, although the Autoencoder structures such
as in [29] are straightforward to implement, they are not
directly applicable for enhancing GC. Specifically, without
proper constraints, the decoder can be complex enough to
generate complete data even from random noise; Similarly, the
intermediate representation between the encoder and decoder
can also be complex enough to cover all the information
required for data recovery. Both of these scenarios go against
the original motivation of efficiently maintaining information
within the small condensed graph. Moreover, the original
graph may contain a substantial amount of noise and redun-
dancy, while GC was designed to exclude them from the
condensed graph. Lossless reconstruction objectives such as
the Lo-norm inherently tend to reintroduce these undesirable
elements into the condensed graph.

In information theory, the minimal sufficient compression
of an object (which is also the optimal solution for GC) is
described by the theory of Kolmogorov Complexity [30].
In this paper, by extending the definition of Kolmogorov
Complexity to graphs, we derived several corollaries that
offer a new theoretical basis for GC (which will be detailed
in section [IV). Moreover, we propose to add a way-back
mechanism that enhances the one-way GC process by focusing
on aligning key information during the reconstruction of the
original graph, advancing from one-way maintenance to com-
prehensive alignment of the key information. This mechanism
can serve as a plugin to enhance any GC method by bridging
the gap between the original and the condensed graphs.

Our experiments demonstrate that adding this Way-back
mechanism improves the performance of existing GC meth-
ods, namely the WbhGC. In conclusion, the contributions of
this paper are summarized as follows:

o Our research highlights that current GC methods operate
in a one-way manner, which carries the risk of insufficient
maintenance of key information from the original graph.
Based on that, we propose WbGC to enhance GC meth-
ods with an extra objective of key information alignment.

o By incorporating the theory of Kolmogorov Complexity,
we offer new theoretical bases for understanding and
conducting the GC process.

« We demonstrate that by incorporating WbGC, the quality
of condensed graphs generated from several GC methods
is enhanced, not only in the baseline task but also in terms
of cross-architecture capabilities.

II. RELATED WORK

A. Graph Condensation

Dataset Distillation [31] has attracted noteworthy attention and
yielded significant success in various domains, including im-
ages [32]], textual documents [33[], and more recently, graphs.
The success of GC relies on identifying and maintaining the
key information from the original graph to the condensed
graph. According to recent surveys [7], [9], the optimization
objective of GC methods can be categorized into three types
(1) preserving information directly from the spectral and
spatial domain of the original graph (Graph-oriented), (2)
maintaining the model (mainly GNNs) capabilities for specific
downstream tasks (Model-oriented), and (3) simultaneously
accomplishing both.

Specifically, Graph-oriented methods align the spectral or
Spatial information between the original and the condensed
graph. Spectral information of a graph is defined as Laplacian
Energy Distribution in SGDD [13]], the pseudoinverse of
Laplacian matrix in ReduceG [34], few smallest eigenvalues
and corresponding eigenvectors in GR [35] and SCAL [18],
spectral embeddings of nodes in GDEM [19], etc. The spatial
domain of a graph is essentially the original topology and
node features. Leveraging relationships within the original
dataset by identifying the k-nearest neighbors and aggregating
them is a common strategy, as in [36]—[38]]. The distinction
among these methods lies in how ‘neighbors’ are defined:
whether based on topological proximity, feature space sim-
ilarity, or other predefined ‘equivalence relationships’ under
specific metrics, as in the G-Skeleton approach [38]]. CTRL
[21] and HGCond [17] use the cluster centers on the original
features as initialization of the condensed graphs. Moreover,
graph statistics (such as graph density, average degree, and
degree variance) as graph properties are utilized to align the
condensed graph and the original graph in [39] and [40]. These
methods ensure that the condensed and the original graphs
exhibit similar properties in the spectral or spatial domain by
defining and aligning graph information.

On the other hand, the core idea of Model-oriented methods
is to align the parameters of the model trained on the original
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graph and the condensed graph as the optimization objec-
tive, using backpropagation to directly update the condensed
graph. By doing so, the condensed graph is optimized to
reproduce the capability (parameters) of the model trained
on the original graph, maximizing the preservation of the
models’ performances on specific tasks. Specifically, starting
with GCond [10], leveraging the training gradients [10]-[12],
[1e), (1701, [21], [23[], [41]-[46]] and training trajectories [14],
[22] of model parameters as key information to preserve in the
condensed graph has become a widely adopted practice. For
those models trained on the original graph, the gradients of
parameters between epochs (i.e., gradient) or the parameters
themselves at each epoch (i.e., trajectory) essentially represent
the knowledge the model has learned from the original graph
for the given task; Despite information within the model
parameter and its training dynamics, KiDD [47], GC-SNTK
[48], SGDC [49] aligns the optimal solution of the downstream
task, which is quantified by the solution of Kernal-Ridge-
Regression problem, to align the performance of the model
trained on the condensed graph, and update the condensed
graph by backpropagation; The outputs of a trained network,
i.e., embeddings and logits, are also utilized to align the
original and the condensed graph. For example, DisCo [50]]
and GCDM [24] align class centroids, i.e., mean of node
embeddings for each class; SimGC [51] and TCGU [52]]
align the distribution parameters of embeddings; class-wise
prediction logits have been adopted as an alignment constraint
in GDEM [19], etc.

Moreover, as the Model-oriented and Graph-oriented ob-
jectives are not mutually conflict with each other, there are
methods such as [13], [15], [19], [39], [S3[] that optimize
the scaled graph from both graph-guided and model-guided
objectives. Either way, the objective describes the principle
to follow when condensing a graph, and the formulations of
the condensed graphs describe how to generate them. These
formulations can also be divided into two categories: Synthetic
and Modification: Synthetic formulations require directly op-
timizing the condensed graph from either randomly or crafted
initialization, according to the aforementioned optimization
objectives. This process may lack transparency, making it
difficult to understand how the condensed graph maintains the
properties of the original graph and why it performs well on
certain tasks. In contrast, Modification formulations have well-
defined rules for editing and aggregating the original graph.
For example, in molecular graphs, recurrent functional groups
are condensed into hypernodes; in social networks, tightly
connected communities are aggregated into hypernodes, etc.
These predefined rules enhance the interpretability of both the
small graph and the generation process, making it easier to
understand how the condensed graph maintains the original
characteristics. However, the versatility of graph modification
methods is limited to specific scenarios and human expertise.

In this paper, we identify that current GC methods with
one-way maintenance of key information cannot ensure the
condensed graphs are sufficiently informative. Therefore, we
propose to add a reconstruction mechanism to ensure that
the key information within the condensed graph is sufficient,
thereby enhancing the performance of existing GC methods.

III. PRELIMINARY

For any matrix, symbols T, —, +, F denote transpose, inverse,
pseudoinverse, and transposed pseudoinverse operations, re-
spectively. On top of anything, a hat symbol " indicates
its optimal version. f(;0) : I — O indicates a function
parameterized by 6, I and O represents the corresponding
input and output spaces.

A. Problem Definition

Given a graph G = {V, &, A € {0,1}V*N X € RV*4} and
its labels Y € {1,---,C}M that depends on the downstream
task, IV is the number of nodes and d is the feature dimension,

the goal of Graph Condensation is to formulate a function
GC(;0) : G — G. with predefined Y’ that:

Ge = GC(Gs0), 0 = argmin O(¢(Ge, Y'), (G, Y)) (1)

where the graph condensation objective O measures the loss
of key information, which is quantified by a function ().
GC(;0) describes how to formulate condensed graphs, and
is parameterized by 6. A Graph Reconstruction function
CG(;¢) : G. — G representing the inverse operation of
condensation, which is supposed to reconstruct G from G..

IV. REVISITING GC FROM INFORMATION THEORY

From the perspective of information compression, the GC
process is equal to compressing the original graph object
into a condensed graph object. In information theory, the
compressed object being sufficiently informative is defined
as being able to reconstruct the original object through a
computer program, and the minimal sufficient compression
of an object is described by Kolmogorov Complexity [30]:

Definition 1: Kolmogorov Complexity. This complexity
refers to the length of the shortest binary program that outputs
the object, quantifying the algorithmic information content of
the binary object s:

K(s) = min |P(§)] 2

P(&)=s

where s € {0, 1}/*l and P () is a computer program with input
&, || measures the binary length of a given binary object.

More specifically, we can assert that a minimal condensed
graph is informative if they can reconstruct the original graph.
In this chapter, by extending the definition of Kolmogorov
Complexity to graphs, we derived several corollaries that offer
a new theoretical basis for GC. Specifically, we found that
combining the condensed graph with a reconstruction model
provides a sufficient description of the original graph object,
with its minimal version aligning precisely with the definition
of Kolmogorov Complexity in information theory.

A. New Theory Basis for Graph Condensation

Under the context of Graph Condensation, assume there is
an optimal condensed graph with N’ nodes G, = GC(G;0)
that can not be condensed further (a minimal informative
compression); and assume there is a reconstruction function

CG(;¢) with a minimal number of parameters that can
recover G from G.. In such cases, a minimal description of
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G can be expressed as the condensed graph Ge along with a
reconstruction network CG(; é) The problem is that a Graph
G is not naturally a binary object. So we define the binary
representation of a graph as follows:

Definition 2: Note the binary representation of a graph as
Gy Since {A, X} are sufficient to describe G, for b be the bits

for float storage, the length of G, can be written as:

Gy =N XN+ Nxdxb 3

~

Suppose there exists CG(G,; ¢) that is sufficient to describe
G and each component is assumed to be minimal, we write
the Kolmogorov Complexity of the original graph as:

k(G) = 1G] + |CG(; )| )

Theorem 1: [54] The upper bound of the Kolmogorov
Complexity of a binary string z is:

1 1 1
K (s|n=|s) < H, <n23> + (;i”+0(1/n) )

where Hp is the binary entropy function Hy(p) = —p X
logop — (1 — p) x logy(1 —p), p € [0 — 1]. We use |Zgbg|b to
represent the proportion of non-zero positions in the binarized
graph object Gp.

Replacing n, k(G) in theorem [1| by eq. and eq. (@):

6ol +10G( )| < m(lngg”) % N x (N + bd)
(6)
n log(N x éN—i— bd)) L o)

From this inequation, we propose the following corollaries:

Corollary 1: Fixing the size of the condensed graph,
the minimum parameter space of the reconstruction function
CG(; $) is upper bounded, i.e., not infinitely complex, and is
thus computable.

Corollary 2: Fixing the size of the reconstruction function,
the size of the minimal condensed graph G. is upper bounded
by constant. Any G. larger than this constant must have
redundant information.

Corollary 3: Suppose GC(;0) and CG(;¢) have a dual
structure, i.e., |§| = |¢|, for a downstream model GNN (;7)
which needs to be repeat trained for k& times, Graph Condensa-
tion is useful, i.e., time consumed by acquiring G, not exceed
time saved by repeated training on G, is ensured if:

6] x (N2 + N"?)
[y < (N2 = N"2)

N, N’ be the number of nodes in G, G.; |0] and |vy| be the
parameter space of the model of GC and downstream model.

Proof of these corollaries and experimental validation
through a synthetic dataset will be presented in the Appendix
sections A to C. Recall that we assumed the existence of
an algorithm, CG(; ¢), which is expected to solve the graph
reconstruction problem. However, many problems are unsolv-
able, e.g., there is no universal algorithm for solving the
halting problem. As in corollary |1} the parameter space of
the assumed graph reconstruction model has an upper bound,
indicating that finding this graph reconstruction model is an

<k )

\ ) Redundaney
WY © -

Fig. 2. Tllustration of Information and Noise, Redundancy. A, X, Y represent
the topology, node features, and label information of a graph, respectively.

NP problem but not an unsolvable one. The corollary [2 indi-
cates that the size of the minimum condensed graph is upper-
bounded, thus providing a theoretical basis for selecting an
appropriate condensation ratio when condensing an unknown
dataset, eliminating the need for blind guessing and validation.

Additionally, since GC is a one-time effort: the condensed
graph can be reused indefinitely, thus the efficiency gains
in fields such as Network Architecture Search, Continual
Learning, Meta-learning, etc., can be linearly amplified with
repeated downstream tasks on the condensed graph dataset.
This renders the time consumed in the GC process itself
negligible. However, this raises a question that has not yet
been explored: How many repetitions of downstream tasks
are needed for the time saved by GC to surpass the time
spent on the GC process itself? The proposed corollary
directly answers the question mentioned above. In summary,
the idea is that involving a comprehensive reconstruction
mechanism ensures the condensed graph sufficiently retains
all information from the original content, thereby enhancing
the performance of GC methods. Meanwhile, to be considered
minimally sufficient, both the reconstruction function and the
intermediate representation (i.e., the condensed graph) should
satisfy an upper bound on their binary length.

V. ENHANCING GC WITH A WAY-BACK MECHANISM

Most existing GC methods GC(;0) : G — G, are not re-
versible: they focus on condensing the graph without consider-
ing a mechanism to reconstruct and verify the condensed graph
against the original, i.e., the CG(; ¢) : G. — G in our proposed
framework. To this end, we propose incorporating a feedback
loop to reconstruct the original graph from the condensed
version, thereby enhancing the retention of information, where
the aforementioned Kolmogorov Complexity and corollaries
provide the basis to formalize a minimal sufficiency scenario.

However, a comprehensive reconstruction will also bring
the noise back to the compressed object. We present our
understanding of the relation between useful Information,
Noise, and Redundancy of a graph given task Y in fig. 2] By
incorporating node features X and graph topology A, models
such as GNNs can effectively extract useful Information (the
hexagonal grid coverage area in fig. [2) for task Y, such as
predicting node labels for classification, etc. In the meantime,
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information that did not contribute to the current task is
considered Noise (the parallel diagonal lines coverage area
in fig. 2). The popular approaches of GC can be concluded
as defining task-specific Key Information (the red hexagon in
fig. [2) of a graph and aligning this key information between
the condensed and the original graph. For example, the Key
Information of a graph is defined as training gradients of
GNNs in GCond [10], and the condensed graph is updated by
optimizing an alignment objective. Directly incorporating such
GC methods with a comprehensive reconstruction mechanism
will reintroduce the Noise within the condensed graph.

Meanwhile, any information beyond the defined key in-
formation yet within the scope of useful Information can be
considered Redundancy (the white hexagonal grid in fig. [2)).
While useful for training downstream tasks, they may not be
strictly necessary. In graphs, such redundancy often manifests
as the unique characteristics of graph data, where local patterns
tend to repeat throughout the global structure. To enhance
existing GC methods without introducing noise beyond the
defined key information into the compressed graphs, the ideal
situation is to recover only the redundant information within
the reconstruction mechanism.

A. The Proposed Reconstructor

With a shared motivation of GC, the graph reduction [35], [55]],
[56] focuses on reducing node redundancy within the original
graph and thereby maintaining key information in the reduced
graph. Meanwhile, this process is reversible, i.e., redundancy
can be recovered through the reverse operation of graph reduc-
tion. These methods employ a carefully designed projection
matrix to aggregate similar nodes in the original graph, thereby
reducing node redundancy. Specifically, P € RN*N' yag
defined as a projection matrix, indicating that nodes V; in
G were aggregated to a new node v} in G.:

1
P, =
s

In the original definition [35]], each row of P contains
exactly one nonzero entry, indicating that the original node
is aggregated only once. A more general formulation can
be defined that, each row of the projection matrix P may
contain an uncertain number of nonzero entries, ranging from
0 (the node is considered dropped, e.g., in [57]) to 1 and
even multiple (aggregation clusters have overlapping issues,
some node will be aggregated for multiple times). Further,
the non-zero entries of P are not necessarily to be 1, the
self-weighted attention mechanism can also be integrated. The
graph reduction process using this projection matrix is written
as follows:

if U;. € V)
otherwise

®)

A'=PTAP, X' =P*X 9)

From this formulation, the reverse operation of graph re-

duction can be easily derived and formulated as:
A, =PTA'PT X, =PX (10)

During the reverse operation, a graph with N’ nodes can be
lifted to the scale of IV nodes, recovering the node redundancy.

We propose optimizing the projection matrix to perform graph
reconstruction as the inverse operation of graph reduction,
thereby lifting the condensed graph back to the scale of the
original graph. Here G, = {X,, A, Y} is referred to as the
reconstructed graph. An illustration of how P works with a
toy example is provided in the Appendix section D.

The condensed graph, designed to retain only the key
information from the original graph, is expected to be free of
noise according to the optimization objective of GC eq. (II):

Ge = argmin O(4(9), ¥(9)) (11)

According to our initial motivation, the reconstructed graph
can be then used to align with the original graph. But how
should the matrix P be optimized? If P indeed performs
the function of redundancy elimination, then the amount of
‘key information’ contained in the reconstructed graph and
the condensed graph should be equal. Given that the graph
condensation process might not sufficiently maintain the key
information, we propose an alignment approach to ensure that
the key information in the reconstructed and original graphs
is properly aligned, thereby getting the optimized P:

P = arg H%:i’n OW(G),v¥(Gr)) (12)

B. Way-back Graph Condensation

Assuming that the objective in eq. (I2) has converged, we
have P and thus 97 Moreover, it is easy to observe that

OO 0(6e)) aow%;w(gr)) 9. "and obviously 2% —

f(P). Thus, the knowledge from optimizing P can be dlrectly
synthesized to the optimization of the condensed graph G.:

O((9), ¥ (Gr))

As illustrated in fig. [3] this optimization framework, namely
the WbGC, can be applied directly to enhance existing GC
methods as a plugin. The optimization of the additional
objective not only learns to reconstruct but also enhances the
alignment of key information of the base GC method.

13)

C. The Proposed Reconstruction Constraint

The most widely used technique in GC is the gradient
matching strategy [[LO]-[17]. Starting from GCond [10], this
strategy involves matching the gradients generated by training
the same graph neural network on both the original graph

={A,X,Y} and the condensed graph G. = {A’, X', Y’}
for the same task. This method ensures that the condensed
graph G, achieves similar performance to the original graph
G on downstream tasks, thereby condensing task-specific key
information from the original graph to the condensed graphs.
The objective is written as eq. (I4):

T—1
D(V9£ GNNy, (g0 (X),X'),Y),

HllIl EgON Po, l
t=0

VoL (GNNy, (A, X),Y) )]
(14)
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Fig. 3. Overall framework of the proposed method. Specifically, current GC methods involve optimizing the condensed graph by maintaining key information
from the original graph. We propose that adding a graph reconstruction module and aligning the key information between the reconstructed graph and the

original helps to enhance the process of GC.

with 0,41 = opty (L (GNNy, (A’,X’),Y")), D(,) is the
distance metric which sums the cosine distance of two gradient
tensors layer by layer, ¢ is the index of the training step, and
ga 1s a function modeling the condensed graph structure from
the condensed node features, i.e., A’ = g (X’), with

MLPs ([xi53]) + MLPs ([x;:])
2

A}; = Sigmoid (

15)

As illustrated in eq. (I3), we propose to simultaneously

optimize the condensed graph G. and a projection matrix

P by incorporating an additional key information alignment

objective into the existing GC objective. The proposed addi-

tional objective is written as eq. (16), with CG(Gc; ¢) be the
proposed graph reconstructor (i.e., ¢ = P):

T-1
Xr’n<iI>n¢ EGO"‘PGO [ Z D (VQC(GNNBt (CG(gca ¢))a Y)v
Y t=0

VoL(GNNp, (A, X), Y))
(16)

D. Efficiency Concern

So far, the proposed method involves generating G, by
eq. (I0), and then aligning the training gradients with the
original graph. However, there is a process with an unac-
ceptable time complexity: computing the pseudo-inverse of
an N x N’ matrix to perform A, = PTA'P*. Although
there are fast inversion methods like in [35], they are only
applicable when the elements of the P matrix are all 0 or
1. Additionally, GNNs need to resample on A, to perform
message passing, which is also quite time-consuming. To this
end, we propose replacing A, in G, with the original graphs’s
A, ie, G, = {X,,A,Y}. In this way, the efficiency of the

proposed method is significantly improved, and the sampled
neighborhood used for message passing on the original graph
can be reused, eliminating the need for the GNN to resample
subgraphs on the reconstructed graph.

In doing so, the structure noise within the original graph
may be involved during the optimization of the final con-
densed graph. However, this is exactly why only the key
information, extracted by GNNs’ training between G, and G,
should be aligned rather than sufficiently performing graph
reconstruction. Besides, a sufficient graph reconstruction in-
volves addressing critical tasks simultaneously such as feature
completion [58]], link prediction [59] and structure learning
[[37]], etc., yet none of these subfields have yet offered a perfect
solution. Note that the issue of label noise [[60] and how to
perform sufficient reconstruction is beyond this paper’s scope.

Furthermore, it is not difficult to observe that A, is entirely
determined by the three components: X’(the condensed graph
features), the MLP gg, and the P matrix. As WbGC already
incorporates the information in P to the condensed graph,
specifically the X', acquiring the complete information in
A, need only to acquire the knowledge from the MLP gg.
The ablation study of A, being integrated into WbGC will
be presented in table [VII] and analyses from the view of
information flow will be presented in Appendix section E.

E. The Initialization and Constraint on P

Recall that the empirical definition of node redundancy is that
they are similar, which implies that the aggregated node is
more like a cluster center. Meanwhile, the node labels Y’ of
G, are predefined through sampling at the start. Therefore, the
training labels in the original graph Y, C Y can be integrated
to initialize the P matrix. For nodes that were not in the
training set split, we randomly select one of the neighboring
labeled nodes as their pseudo-label Y, in a recursive manner,

and thus we have J = Y, U Y,. Further discussion and
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ablation on pseudo-labeling is in the Appendix section F.
Additionally, since connections in a graph may occur between
different classes, we incorporate statistical information from
the original graph. Considering that the original graph G has
k independent classes of nodes, the tendency of connections
between different classes can be calculated with a k x & matrix,
namely the class relation matrix C,. Normalizing each row of
C, with a sum of 1, this matrix can statistically reflect the
probability of connections between nodes with different class

labels. Specifically, we initialize PN>N' a5 follows:
o if Y, = Y;. and rand() < 8
P,i=q1-«a it Yy = Y’ and rand()>03

(1 — ) Ce[ W] [Y;]  otherwise
A7)
where rand() generates a real number randomly within the
interval [0, 1], « is the global homophily ratio parameter, and
[ is another parameter controlling that nodes of the same
class do not dominate excessively, i.e., not emphasizing the
homophily assumption, with o, 5 € R, 0 < o, < 1. In this
way, the initialized matrix P can aggregate information from
nodes with different labels according to the connection prefer-
ences between different classes. To constrain the reconstructed
node feature, an Ls-norm constraint on P is applied to make
the sum of each row equal to 1:

H%)inH]-N_P]-N’HZ (18)
In conclusion, G,G., G, represent the original graph, the
condensed graph, and the reconstructed graph respectively, the
optimization of the proposed WbGC can be written as:

G. = arg gmgnp O("/’(gc7Y/)7¢(g’Y))+

O((Gr,Y), (G, Y)) + [[1y = Pln|l2
with G. =GC(G;0), G, = CG(G.; ¢)

(19)
where we follow GCond [10] that O is a matching function
and ¢ quantifies the training gradient of a GNN model in the
downstream task. The overall process of WbGC when the base
method is GCond is presented in The algorithm
can be summarized as three steps: (Step 1, line 1) Initialize
the condensed graph and the projection matrix; (Step 2, lines
5-8) Perform graph reconstruction, and calculate the alignment
loss L cconss 1-€., the O(¥(G,,Y),¥(G,Y)) term in eq. ;
(Step 3, line 9-17) Calculate the alignment loss in the base
GC method, and perform parameter optimization.

V1. EXPERIMENT
A. Experiment Settings

Datasets. Following previously released benchmark papers
[25]-[27], we evaluate GC methods on six commonly used
datasets, i.e., Cora, Citeseer, Pubmed, Flickr, Ogbn-arxiv,
and Reddit. We use the public splits for these datasets. The
condense ratio, *% = % is the fraction of condensed
nodes to original nodes, and was fixed following the previous
benchmarks. The labels of the condensed graph nodes Y’ are
predefined, specifically they were randomly sampled from the

Algorithm 1: Our method: WbhGC
Data: § = {X, A}, GNN(;0)
1 Initialize G, = {X', A/, Y'}; Initialize P;
2 for e in epoches do
3 P, XL, 0 + Optimizers{P, X’ 6};
4 Total_loss = 0;
5 Xr = Pexé; gr = {XMA};
6 | £°=L(GNN(A,X;6.),Y);
7
8
9

LR = L(GNN (A, X,;0.),Y);
Total_loss + = D (V@e L, Vo, ER);
if base model == GCond then

10 L£C=r (GNN (MLPs(X.),X%;0.),Y");

1 Total_loss + = D (Vy, L9, Vg, LE);

12 else

13 Calculate Lpqsc; # the loss of the base method
14 Total_loss + = Lypgse;

15 end

16 Total_loss.backward();

17 Pei1,X 1,001 < Optimizers{P, X', 6}.step();
18 end

19 return G,

TABLE 1
DATASET STATISTICS

Dataset Node Edge Class  Homophily  Feature
Cora 2,708 5,429 7 0.81 1,433
Citeseer 3,327 4,732 6 0.74 3,703
Flickr 89,250 899,756 7 0.24 500
Ogbn-Arxiv 169,343 1,166,243 40 0.65 128
Reddit 232,965 57,307,946 210 0.78 602
Pubmed 19,717 44,338 3 0.80 500

original labels to keep the class distribution the same as the
original. Dataset statistics can be found in table [T}

Baselines. The following methods are selected as baselines:
(1) Traditional graph reduction methods: Random, Herding,
K-Center, and (2) Optimization-based GC methods: GEOM
[61], SFGC [14], GCond [10] and GDEM [19]. Among them,
GEOM, SFGC, and GCond match the training trajectories of
G and G, as their main objective, while GDEM aims to match
the eigenbasis, i.e., key information in spectral domain of
the two graphs, as their main objective. We ran the official
code with the provided hyperparameters for each baseline
method and added our proposed graph reconstruction process
as an additional loss term during the distillation stage of each
baseline method in (2). Specifically, GCond and SGDD are
end-to-end methods, while GEOM, SFGC, and GDEM have
independent preprocessing stages. During the optimization
stage of G., we add an additional optimizer for the projec-
tion matrix P, and add the alignment loss of reconstruction
Lirecons = O(@(G,Y),4(G,Y)) and the constraint on P to
the original loss, namely, GC + ours. The hyperparameters
used in our method are « and 3, which were used to initialize
the projection matrix P. o was calculated according to dataset
statistic, and [ was set to be 0.5 for all experiments. The
ablation of these two parameters was covered in table
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TABLE II
NODE CLASSIFICATION PERFORMANCES ON CORA, CITESEER, AND FLICKR, REPORTED AS MEAN ACCURACY (%) & STANDARD DEVIATION. ‘M’, ‘D’,
AND ‘R’ REPRESENT THE BASELINE AND OUR PROPOSED METHOD, DATASET, AND CONDENSATION RATIO (R), RESPECTIVELY

D/r Cora Citeseer Flickr
M
1.3% 2.6% 52 % T 0.9 % 1.8 % 3.6 % iy 0.1 % 0.5 % 1% 1
Full Graph 812 + 02 - 00.0 71.7 £ 0.7 - 00.0 472 £ 0.1 - 00.0
Random 623+ 08 72606 76805 106 453+£05 635+04 69305 123 418+£06 43.1+03 437+£02 |43
Herding 682+ 04 743 +£04 765+06 |82 620+ 09 679+£07 692+05 |53 409 £ 06 447 4+03 44105 |39
K-Center 656 £12 735+10 766+07 |93 544 +£09 6274+09 69105 196 424 £07 432+£05 4374+04 |41
GEOM |[61] 798 +£06 798+02 8l6+14 |08 69.0+08 686+£02 70816 |23 387 £ 0.1 402 +£07 41.74+£03 |70
GEOM + ours 802+ 15 81.6+04 82+03 101 716 £ 12 700+£28 720+12 [0S 462+ 02 4684+03 486+01 |01
SEGC |[14] 624 +02 648+05 678+ 1.1 162 558+08 580+00 594+14 139 441+£07 4584+06 452+15 [21
SFGC + ours 61.0 04 64204 682403 [167 606+14 60804 624+02 104 45910 467+04 45814 |10
GCond [10] 792 +£09 803+09 81.0+06 1.0 721 +£14 722405 707+£09 0.1 46.1 £ 06 467 £03 467 +04 |07
GCond + ours 814 +04 819+06 814+05 104 731 +05 732+£04 727403 113 470+ 02 4724+01 473+04 |03
GDEM |[19] 773+ 13 81.1£05 812+06 |13 728 £ 03 729 £ 05 OOM T 1.1 494 +£01 4934+02 495+01 122
GDEM + ours  77.1 £ 1.1 812 +06 81.1+02 |14 733+ 03 727 £ 04 OOM 113 50.3 £ 04 501 £02 501 +04 130
TABLE III
SECOND PART OF NODE CLASSIFICATION PERFORMANCES, ON OGBN-ARXIV, REDDIT, AND PUBMED.
D/r Ogbn-arxiv Reddit Pubmed
M
0.05% 0.25% 0.5 % T 0.05 % 0.1 % 0.2 % i 0.08 % 0.15 % 0.3 % i

Full Graph 714 £ 0.1 - 00.0 939 + 0.2 - 00.0 793 £ 0.2 - 00.0
Random 441+15 570£05 5914+06 180 47315 5314+£19 759+13 351 694+£02 7334+£07 778+£03 |58
Herding 497 +17 568 £05 5854+03 J164 558+28 673+16 795+15 263 733+£08 752406 78004 |38
K-Center 485+ 09 554+£08 5974+07 |168 466+18 673+15 762+12 305 689+06 7374+04 778 +£08 |58
GEOM |[61] 637 +21 663+14 682+14 |53 814+06 837+05 88+£07 102 7474+17 7715+06 789+07 |22
GEOM + ours 642 £18 6751+06 69.1 £05 |44 832 +03 843+06 8.6+10 |92 764 £ 05 792 +06 786+ 04 |12
SEGC |14 61.6 £ 0.7 663 +04 666105 |65 83.1£09 836+04 84.1+£04 103 7044+04 722+04 T748+06 |68
SFGC + ours 635+ 14 668+04 6724+02 |55 834 +05 824+15 86+£16 107 7124+£02 730+£06 749+03 |62
GCond [10] 562 +24 637+£05 639+04 101 8.1 +11 8844+08 89+12 |54 776 £ 0.1 776 £05 778 +04 | 1.6
GCond + ours 565 + 1.0 649 +£04 657 +06 9.0 88.5+03 898+05 90.6+04 |42 781 £ 04 782+03 7824+02 |11
GDEM |[19] 63.5+09 639+06 637105 |77 926 02 93.0£01 9324+03 |10 776 £ 0.6 787+ 06 782+ 13 | 1.1
GDEM + ours  64.1 £ 05 646+ 04 642+£05 |71 928 £ 03 932+£02 933+02 |08 783+ 03 79105 788405 L05

Evaluation. We evaluate the effectiveness of GC methods
by evaluating the condensed graphs. The condensed graphs
on six benchmark datasets are evaluated by the accuracy
of training node classification models, where we train the
GCN [62] on the condensed graphs from scratch and then
evaluate their performance (ACC) on the test set of real
graphs. Each experiment was repeated 5 times, and the mean
test accuracy and standard deviation were reported. For each
dataset, the average performances at different condensation
rates are compared with the performances of models trained on
the full dataset. These comparisons are presented in the fourth
column of each dataset ({1), a | indicates that the average
performance decreased compared to the full dataset, while a 1
indicates that it exceeded the performance of the full dataset.

B. Results and Analysis

The node classification performances on Cora, Citeseer, and
Flickr are reported in table |lI, and the performances on Ogbn-
arxiv, Reddit, and Pubmed are shown in table m Firstly,
optimization-based GC methods consistently outperform

the traditional methods, including Random, Herding, and K-
Center. This is because these optimization-based GC methods
are task-oriented, which involves the powerful representation
learning capabilities of graph models like GNNs, and the
downstream task information was incorporated in the distilla-
tion process. Secondly, as the condensation ratio increases,
the performance of all methods improves. In some baselines,
e.g. the GDEM on Citeseer and Flickr, the models trained on
the condensed graphs even outperform those trained on the
full graphs. We believe this is because the total amount of
information increases with the size of the training dataset,
but so does the amount of noisy information. The superior
performance of the condensed graphs may be due to the
removal of such noisy information during GC.

Thirdly, each optimization-based GC method is modified as
GC + ours, the results show that our proposed additional
reconstruction module enhances all performances of base-
lines on each dataset. Not only does it allow these methods
to be analyzed within our unified theoretical framework, but it
also improves their performance, and particularly, the perfor-
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SGC
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+ ours 72

100 A
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NIaOD
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Flickr  Ogbn-arxiv Reddit Pubmed

Dataset

Cora Citeseer

Fig. 4. Downstream GNN architecture ablation. Colors correspond to different
architectures; The performance of the base method GCond is presented by the
colored bar in the histogram, while the impact of incorporating our method
is shown as the change in the bar, filled with diagonal lines.

mance of ‘GCond + ours’ on Cora and Citeseer exceeded
that of the baseline trained on the full graph where the
‘GCond’ itself did not. However, in table neither the
baselines nor our modifications exceeded the performance
achieved when training on the original graph in Ogbn-arxiv,
Reddit, and Pubmed, only GDEM and ‘GDEM + ours’ are
close enough in Reddit and Pubmed. We believe that this might
be due to the larger scale of these datasets, which contain more
complex information and patterns, thus the objectives of key
information alignment can be difficult to converge.

C. Ablation Study

This section focuses on the base GC method ‘GCond’ and
performs ablation studies. Firstly, to test the generalizability
of our proposed method on different downstream GNN archi-
tectures, an ablation study of four different GNN architectures
is presented in fig. ] Further, the ablation of cross-architecture
on Pubmed and Cora are presented in table [[V| and table
respectively (results on other datasets can be found in the
Appendix section G). Note that in these tables, for the last
two columns and last two rows, ‘| / 1’ reports the average,
decrease/increase in the corresponding column or row between
‘GCond’ and ‘GCond + ours’; ‘STDEV’ be the standard
deviation of performances. The results show that with our
enhancement, ‘GCond + Ours’ outperforms the baseline
‘GCond’ across all experiments, and the robustness of
GCond over architecture ablation (‘Stdev’ over multiple
experiments) is improved over several datasets by adding our
way-back mechanism, especially on Cireseer and Flickr.

Secondly, our proposed reconstruction model has three key
components, namely the key information alignment loss, the
initialization process, and the constraint on P. The ablation
of the three components is presented in table [VI} The results
indicate that each of the three proposed modules contributes
differently, with the best performance occurring when all
modules are combined.

Thirdly, the graph structure was not reconstructed, as the
aim was to empirically seek the trade-off between effectiveness
and efficiency. To ablate the effect of structure reconstruction,
we conduct experiments with reconstructed A,. Given that
GCond utilizes a learnable MLP() to predict A’ from X', we
can also use this MLP to predict A, from X,., thereby intro-
ducing structural information (as illustrated in section [V-D).
Experiment results are presented in table

TABLE IV
CROSS-ARCHITECTURE ABLATION ON PUBMED (R=0.15%). C, T MEANS
THE CONDENSATION AND THE TEST GNN ARCHITECTURE.

Method ~ C\T ~ APPNP Cheby GCN  SGC | |t  STDEV
GCond 713 74.1 766 674 - 451
+ours APPNP oo 757 713 68.3 ‘ 1093 440
GCond (b 63.4 66.0 415 494 - 11.6
+ ours Y 69.9 657 444 505 | +255 121
GCond oy 472 40 606 511 - 7.19
+ ours 58.5 594 633 568 | +878 275
GCond ¢G5 75.3 750 776 746 - 1.34
+ ours 75.2 76.1 782 752 | 1055 141
+ ours " 1455 1445 1172 1207 | 1320 1099
GCond 13.8 144 16.9 124 ; 13.11
+ours STPEV - g'ss 8.12 15.8 112 ‘ 1252 1059

TABLE V
CROSS-ARCHITECTURE ABLATION ON CORA(R=2.6%). C, T MEANS THE
CONDENSATION AND THE TEST GNN ARCHITECTURE.

Method ~ C\T ~ APPNP Cheby GCN  SGC | 1}  STDEV
GCond 77.9 644 765 68.3 - 6.48
+ours APPNP - 5ey 66.9 80.7 717 ‘ 1277 641
GCond (.o 52.0 464 249 307 - 12.8
+ ours Y 50.2 47.8 315 321 | 1190 998
GCond oy 61.9 69.1 746 593 - 6.95
+ ours 65.3 673 754 599 | 1075 642
GCond ¢ 78.5 76.1 80.3 78.0 - 172
+ ours 80.6 778 819 793 | 1168 175
+ ours " T1I18 1095 1330 1168 | 1178 | 0.84
GCond 12.9 12.7 262 203 - 17.20
+ours  STPEV. 12,5 240 207 ‘ 1039 1681
TABLE VI

MODULE ABLATION. THE ABLATION OF INITIALIZATION ALSO COVERS
THE ABLATION OF HYPERPARAMETERS USED TO INITIALIZE P.

Dataset GCond +@O +O+@ +DO+3@ +D+@+O
Cora-12.6 80.3 81.3 81.4 81.6 81.9
Citeseer-r1.8 72.2 72.4 72.8 73.2 73.2
Flickr-r0.5 46.7 47.1 46.4 47.0 47.2
Arxiv-r0.25 63.7 64.0 64.5 65.1 64.9
Reddit-r0.1 88.4 89.0 89.6 89.4 89.8
Pubmed-10.15 77.6 78.0 78.0 78.2 78.2

ps: D=Lrecons, @=Initialization of P, @=L Constraint on P

This approach (simultaneously reconstructing the graph
structure) shows improvement on small dataset but does not
on larger one. This may be due to the complex topology of
large datasets, where a simple MLP is insufficient for effective
link prediction. Moreover, this process significantly increases
process time, as the GNN needs to resample the neighborhood.
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TABLE VII
ABLATION STUDY WITH RECONSTRUCTED GRAPH STRUCTURE

Method Cora (r=2.6%)  Ogbn-arxiv (r=0.25%)
GCond 80.3+0.9 63.74+0.5
+ours (G = {X,, A}) 81.9+0.6 64.9-£0.4
+ours (G = {X», MLP(X,)}) 82.240.7 62.940.8

D. Time Complexity Analysis

Let r be the number of sampled neighbors per node, d for em-
bedding dimension and L be layers of GCN, e be epochs. Our
additional operation is 1. Calculating X,; 2. Forward of G,;
3. Gradient and backward propagation on P; So the additional
time complexity is e (O(NN'd) +O(rENd?)+O(LNN")),
the additional space complexity is O(NN'). Part of the actual
consumed time is presented in table

TABLE VIII
PART OF THE ACTUAL RUNNING TIME ON CORA AND ARXIV

Cora (=13%)  (=2.6%) (r=5.2%)
. GCond  39.1 (s) 415 (s) 435 (s)
Time (S0 epoch) " ire  502(s) 523 (s) 560 (s)
Ogbn-arxiv (=0.05%) (r=0.25%) (r=0.5%)

. GCond 816 (s) 1345 (s) 1455 (s)
Time S0 .epoch) " s 1097 (s) 1414 (s) 1971 (s)

VII. DISCUSSION

A. Connection to Information Bottleneck Principle

From the Information Bottleneck perspective, specifically the
supervised IB Lagrangian:

max{I(Y;Zx) — BI(X;Zx)} (20)
has been interpreted as representations Zx should contain only
the minimal sufficient information for predicting Y. We found
that this formulation is particularly similar to gradient-based
GC, where the condensed graph is also expected to contain the
minimal sufficient information for training the task only, and
the noise in the original graph is expected to be minimized
in the condensed graph. Take GCond as an example, they: 1)
training on the original graph, get trajectory gt¢;; 2) training
on the condensed graph, get trajectory gto; 3) minimize the
distance between gt; and gto; 4) Optimize the condensed
graph through gradient backpropagation.

It is clear that the training gradients contain only informa-
tion relevant to the current task, with no inclusion of task-
independent noise. The final result can be summarized that
the following objectives are being maximized simultaneously:

G, = arg rélimg)( ax (I(Y;9(G)) — 811(G;9(G)))

—I—b X (I(Y’,w(gc)) - 62I<gc,w(gc)))
+ex (I(1(G); ¥(Ge)))

where ¢(G) = VoL(GNN(G;6),Y) is the gradient of param-
eters ¢ under learning task L(GNN(G;6),Y), L could be the

2L

cross-entropy loss. Our method can be thereby interpreted as
adding two more terms to optimize:

gcfarggmm%?; ax (- )+bx (- )+ex ()

+d x ((I(Y;9(Gr)) = Bs1(Gr; 1(Gr))))
e x (I(9): ¥(G,)))

(22)
where G, = CG(G.;¢). From these formulations, it can
be observed that the denoise objective terms from the IB
interpretation is effective in our method, i.e., our method will
attempt to eliminate the noise within the reconstructed graph,
while the key information alignment between G and G. has
been enhanced by further constraint.

Kolmogorov Complexity provides the most general descrip-
tion of data, independent of any specific task or goal. In
contrast, the information bottleneck principle, as our proposed
method, focuses on extracting information from data that
is relevant to a particular task, optimizing for the task at
hand. To some extent, Kolmogorov Complexity essentially
describes the optimal and minimal solution of the informa-
tion bottleneck principle, where it is not the original object
but the extracted key information that is being compressed
G.e., {Vo,,Vo,,..., Vg, } is actually being compressed and
reconstructed in our method). From partial to sufficient recon-
struction, we provide a theoretical foundation for using the
encoder-decoder architecture to verify the sufficiency of GC.

B. Limitations

The effectiveness of the proposed method is demonstrated in
the previous sections, as it enhances the performance of all
baseline GC methods as a plugin. Notably, many baselines
exhibit a significant performance gap when trained on the
condensed graph versus the full graph, especially in large-
scale datasets like Ogbn-arxiv (169,343 nodes) and Reddit
(232,965 nodes). Although integrating our method has en-
hanced the performance of all baselines and partially narrowed
the performance gap, this gap still persists on large datasets.
Moreover, although we have made progress on the robustness
of model architecture ablation, the standard deviations are still
not low enough to perform tasks like network architecture
search. In such a scenario, the performances of the condensed
graphs must be consistently high to be considered reliable
substitutions for the original graphs.

VIII. CONCLUSION

In this study, we propose to address the challenge of insuf-
ficient graph data condensation via Way-back Graph Con-
densation (WbGC), a novel framework that integrates a re-
construction mechanism with constraints to enhance the key
information alignment of current GC methods. Furthermore,
the theoretical framework of GC is enriched by incorporating
the theory of Kolmogorov Complexity, providing a deeper
understanding of graph information compression. In the future,
it will be highly valuable to explore the performance limits
of GC, specifically identifying under what conditions the
condensed graphs could outperform the original, and perform
consistently high against the change of model architectures.
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